Reaction paths and free energy profiles for conformational transitions:
An internal coordinate approach

Themis Lazaridis
Department of Chemical Engineering, University of Delaware, Newark, Delaware 19716

Douglas J. Tobias® and Charles L. Brooks llI
Department of Chemistry, Carnegie Mellon University, Pittsburgh, Pennsylvania 15213

Michael E. Paulaitis®
Department of Chemical Engineering, University of Delaware, Newark, Delaware 19716

(Received 20 May 1991; accepted 2 August 1991)

A new approach is proposed for the determination of transition states and reaction paths for
conformational transitions. The method makes use of adiabatic energy surfaces in the space of
“essential” degrees of freedom of the molecule. The reduced dimensionality of this space,
compared to the full Cartesian space, offers improved computational efficiency and should
allow determination of exact reaction paths in systems much larger than those currently
amenable to study in Cartesian space. A procedure to obtain reaction paths and free energy
profiles in solution is also proposed. The free energy profile along the path in solution is
calculated utilizing a free energy perturbation method with constrains and perturbations in
internal coordinate space. Applications to a conformational transition of the alanine dipeptide
and the folding transition of a model reverse turn in water are presented. For the reverse turn,
the sequential flip of dihedral angles reported by Czerminsky and Elber on a similar peptide [J.
Chem. Phys. 92, 5580 (1990)] is also observed in the present calculations. The free energy of

the extended form of the reverse turn in water is found to be lower than that for the folded
conformation by about 3 Kcal/mol, in qualitative accord with previous umbrella sampling

calculations.

I. INTRODUCTION

A distinguishing characteristic of macromolecules is
their ability to adopt a large number of different conforma-
tions and to fluctuate between these conformations on a wide
range of time scales.'” In the case of biological macromole-
cules, and most notably proteins, conformational transitions
are involved both in the folding process® and in structural
fluctuations that accompany and are considered to be crucial
for biological function.*® In the realm of synthetic poly-
mers, conformational transitions greatly influence the me-
chanical properties of these materials, such as the stress—
strain behavior,® as well as the dynamic behavior of chains in
solution.” Furthermore, the mechanism of mass transport
through polymeric materials appears to be intimately related
to the conformational mobility of the polymer chains.®®
Thus there is critical need to understand the mechanism of
conformational transitions and develop methodologies for
predicting their rates by theoretical and/or computational
means.

Nonreactive processes, such as conformational transi-
tions, that proceed without formation or breaking of cova-
lent bonds, can be studied with molecular models based on
empirical force fields (e.g., see Ref. 10), which, for activated
processes, readily provide the energetic contributions to the
free energy barriers. Furthermore, empirical energy func-
tions, implemented in molecular dynamics simulations, im-
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plicitly reproduce entropic effects, provided that the simula-
tions cover a multiple of the time scale of the process under
study. Most conformational transitions of interest, however,
occur on time scales much longer than simulation time
scales and therefore cannot realistically be studied by con-
ventional molecular dynamics simulations. In these cases
the formalism of transition state theory,'"'? in conjunction
with free energy calculation techniques'® promises to be the
most viable alternative. In this approach, a reaction coordi-
nate is first identified and the free energy profile along this
reaction coordinate is calculated. The rate can then be ex-
tracted on the basis of transition state theory, with dynamic
corrections obtained through “activated” molecular dynam-
ics simulations.'*'*

An implicit assumption in the above procedure is that
the reaction coordinate for the conformational transition is
known. In simple cases, the reaction coordinate can be ap-
proximated by a single internal coordinate or a simple geo-
metrical parameter, such as the central dihedral angle in the
trans—gauche isomerization of butane,'>!7 the difference be-
tween two dihedral angles for the rotation of a protein side
chain,'* or the distance from a surface opening for the escape
of a ligand from the protein myoglobin.'® In other cases,
however, the transition is more complex and a more precise
definition of the reaction coordinate must be implemented.
The most widely accepted definition is the intrinsic reaction
coordinate (IRC),'®*® which is essentially a steepest de-
scent path on the multidimensional potential energy surface
of the molecule. So far, IRCs have been determined mostly
on the quantum-mechanical energy surfaces of small, reac-
tive systems [e.g., see Refs. 21 and 22]. The bottleneck in the
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determination of the IRC is the location of the transition
state, corresponding to a saddle point on the potential energy
surface. Several algorithms have been proposed to this end
{for a review, see Ref. 23]. Most of the methods employed
recently are based on the algorithm of Cerjan and Miller,*
which can efficiently locate saddle points without the need of
a good initial guess.

The first application of techniques to determine transi-
tion states for the conformational processes of interest here
was by Nguyen and Case, who determined transition states
and energy minima for cyclo-octane and two dipeptides.?®
More recently, Elber and co-workers have devised methodo-
logies for handling problems of larger scale, such as helix-to-
coil transitions in peptides,®*?® ligand diffusion in pro-
teins,”’ or even global transitions in small proteins.*® Elber
has also developed a methodology to calculate the potential
of mean force along an arbitrary reaction coordinate.?’

In all previous work on multidimensional reaction co-
ordinates for conformational processes, the molecular con-
formation has been described by the Cartesian coordinates
of all the atoms in the system. This approach has the advan-
tages of generality and simplicity, due to the Euclidean char-
acter of the Cartesian coordinate space. However, its major
drawback is the large dimensionality of the problem (3N,
where & is the number of atoms). The large dimensionality
is particularly costly in the determination of the transition
state, which requires diagonalization of the Hessian of the
energy. This difficulty led Elber and co-workers to develop
alternative methods, utilizing only first derivatives of the
energy.?”?8

Since conformational transitions involve primarily
changes in dihedral angles, while the “stiff”” degrees of free-
dom (bond lengths and angles) change only slightly during
the process, the inclusion of all degrees of freedom in the
calculation of reaction paths is highly inefficient. [ Through-
out this paper the terms “reaction path” (RP) and “reaction
coordinate” (RC) will be used interchangeably.] One
would expect that considerable computational effort could
be saved by the use of internal coordinates. Moreover, inter-
nal coordinates provide a better physical description of mo-
lecular conformations.

In this work, we propose searching for transition states
and the associated reaction coordinates in the space of “es-
sential” angles involved in the conformational transition of
interest, The major benefit from this approach is a large re-
duction in the dimensionality of conformational space. For
example, there are two essential torsional angles for the alan-
ine dipeptide, compared to 36 Cartesian coordinates (in a
“polar hydrogen” representation). This reduction in dimen-
sionality allows the use of rigorous search techniques for the
transition states and ultimately the study of much larger sys-
tems.

Changes in the stiff degrees of freedom, although small,
are energetically important, and therefore cannot be omit-
ted. These changes can be efficiently taken into account by
an “‘adiabatic approximation” which, during the transition,
allows bond lengths and angles to fully relax to their optimal
values for each set of essential torsional angles. Thus the
proposed method can be thought of as an extension of the

familiar “adiabatic mapping” technique®? to an arbitrary
number of dimensions: The essential torsional angles
(“mapping coordinates”) are retained and the “nonessen-
tial”” or irrelevant degrees of freedom are “mapped out” by
relaxing to their optimal values.

The proposed method is also similar to the so-called
“reaction coordinate” or “constrained minimum energy
path” approach, whereby a reaction path is obtained by
moving along an internal coordinate and minimizing the en-
ergy with respect to all other degrees of freedom.** The pri-
mary difference between our method and the reaction coor-
dinate approach is that we consider more than one mapping
coordinate. It has been noted that a disadvantage of the reac-
tion coordinate approach is that it can lead to discontinuous
paths and sometimes even miss the transition state (for a
review, see Ref. 33). The analysis presented in this paper
shows, however, that no transition state will be missed when
stiff or irrelevant degrees of freedom are mapped out. In
addition, the calculation of a reaction path in the proposed
method always starts from a transition state, and thus only
continuous paths are obtained.

In the proposed method, the transition state is deter-
mined by the Cerjan-Miller algorithm in torsional-angle
space. The reaction path is subsequently traced by following
the gradient on the adiabatic surface from the transition
state towards reactants and products. Due to the non-Eu-
clidean nature of the torsional space, the gradient-following
problem is formulated within the framework of Riemannian
geometry. As described above, this method applies to con-
formational transitions in vacuum. A procedure is subse-
quently proposed to obtain the reaction path in solution as a
“refinement”” of the path determined in vacuum. To this end,
molecular dynamics simulations in explicit solvent are per-
formed with sampling orthogonal to the path in vacuum to
obtain probability distributions of the orthogonal degrees of
freedom. The peaks of these probability distributions then
define a new path, identified as the path in solution. Finally,
we propose a free energy perturbation protocol for calculat-
ing the potential of mean force along arbitrary reaction co-
ordinates employing multidimensional internal coordinate
constraints and perturbations.

. THEORY AND COMPUTATIONAL METHODS

A. Determination of transition states on a torsional
adiabatic surface

A stationary point on the full potential energy surface is
a point where all first derivatives of the energy vanish. Sta-
tionary points of interest in physicochemical processes are
(i) local minima, where the Hessian of the energy has all
positive eigenvalues, and (ii) saddle points (or, more accu-
rately, first-order saddle points), where the Hessian has one
and only one negative eigenvalue. Local minima correspond
to equilibrium points, and, as shown by Murrell and
Laidler,* saddle points are identified with transition states
(TS). The purpose of this section is to investigate the “fate”
of stationary points when adiabating mapping of the full en-
ergy surface is performed. Obviously, local minima on the
full surface project onto local minima on any adiabatic sur-
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face, thus equilibrium points are preserved. Whether saddle
points are preserved, though, is a more subtle question.

It has long been recognized that adiabatic projections
(i.e., energy minimizations along a certain coordinate or co-
ordinates) may result in discontinuous paths that miss the
true transition state (see Ref. 33 and references therein). For
conformational transitions, however, this is highly unlikely
when the minimizations are performed with respect to bond
lengths and angles. Intuitively, the true TS is missed when at
that point the energy has 2 maximum with respect to a de-
gree of freedom that is ‘““mapped out.” The dependence of the
energy on stiff degrees of freedom does not exhibit any maxi-
ma, and therefore the energy can safely be minimized with
respect to bond lengths and angles.

For a more detailed analysis, consider a typical empiri-
cal energy function for chain molecules (e.g., Refs. 10 and
35):

E(b,0,6) = 3 K, (b, — bp)* + T Ko (6, — 6,)°

+ YK, [1 4 cos(mp; — 8,] + Ey(b,8,6),
' (1)

where E (b,0,0) is the nonbonded interaction energy,

q9.4;
Ey(b,0,4) = —_—
v ¢ i,jz>i 4meyr; (b,0,0)

Aij _ i ] 2

N :;;Z>i [ r2(b,0,6)  r5(b,0,0) | )
and the symbols are: b= (b,,by....,b5_,;)}: the bond
lengths; 0= (6,,6,,....05_,): the bond angles;
¢ = (b,4,,.-.05 _ 3 ): the dihedral (torsional) angles; ¢,,q;:
charges or partial charges; r;: interatomic distances;
K, Ky K, : force constants; 4;,B;: parameters for the van
der Waals forces; and &: the number of atoms in the mole-
cule. Additional terms, such as improper torsions or explicit
hydrogen bond terms, are commonly included but they will
be omitted from the present discussion for simplicity. Im-
proper torsion terms have a functional form similar to that
for bond lengths and angles, therefore all conclusions with
regard to bond lengths and angles can be extended to im-
proper torsions as well. Hydrogen bond terms are similar in
form to the van der Waals terms and can be treated in the

"[2K,, ~0
2K,,
~0
2K, ~0

~0

same way. The Cross terms, such as
K,6,(b; —by)(6; — By), used in some empirical energy
functions only serve for fine tuning and their presence
should not change the physical picture.

The nonbonded interaction energy can be expressed in
terms of simple functions of the interatomic distances Tys
which are completely specified for a given set of internal
coordinates (b,8,&). However, the dependence of interato-
mic distances on the internal coordinates is very complex,
even for moderately sized molecules, and hence no further
specification of the function E, (b,0,08) will be attempted
here.

The Hessian, formed by the second derivatives of the
energy with respect to the internal coordinates, can be split
into blocks corresponding to bond lengths, bond angles, di-
hedral angles, and their mixed derivatives in the off-diagonal
positions:

Hp, Hpe Hpo
H=|Hos; Hoe Hegos |, (3)
H@B H¢G) HQKD
where, e.g.,
J°E J°E
ab? 8b,3db,
H,;=| 3%E J’E
db,3b, b3

~0

The first two terms in the right-hand side of Eq. (1) will
contribute large, positive terms to the diagonal elements of
Hgp and Hge, with an additional contribution from the
nonbonded interaction energy

d°%FE d’Ey

= -, 4a
db? 5T gb? (4a)
J2E d’E,

=2K, . 4b
367 6 T+ EYE (4b)

All the off-diagonal elements arise from the nonbonded in-
teractions. If, for the moment, we neglect the contribution of
the nonbonded interactions everywhere in the matrix except
for Hy,o, the Hessian assumes a block-diagonal form:

(3

L ~0

]
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while Hpp,Hge become diagonal.

In the block diagonal form, the eigenvalues of the Hes-
sian will simply be the eigenvalues of the component matri-
ces, Hyp, Hge, and Hy,o, . Since Hyz and Hgg are diagonal,
their eigenvalues will be the diagonal elements themselves,
which are large and positive. Therefore, if the Hessian has
one and only one negative eigenvalue, this eigenvalue must
be located in Hg,q,, and vice versa, if Hy,4, has one and only
one negative eigenvalue, the same must be true for H as well.

The adiabatic mapping with respect to bond lengths and
angles generates the functions b,,,, (¢) and 0, ., (d) and a
new surface, such that

Eadiab (‘t’) =E [‘b;badiab (d’)?eadiab (‘b) ] .

At any point, the curvature of the adiabatic surface will be
equal to the curvature of the full surface with respect to the
mapping coordinates ¢, since

. b. a9.
aEadlab =_a£+ z_a_E_L @-—Z- (6a)
a¢i a¢i J abj a¢i i aej a¢i
and, by definition, on the adiabatic surface
9E _9E _ 4 forall). (6b)
ab; 36,

(In the above equations, the derivatives of E are taken hold-
ing all other internal coordinates constant and the deriva-
tives of E,;,, b;, and 6; are taken holding all other torsional
angles constant.) Similarly, for the second derivatives
9Euaw _ I°E
a¢; ag?
Thus Hoo = Hop, adiab-

The important implication of this analysis is that, if con-
tributions of the nonbonded interactions (other than those
in Hy ) can be neglected, saddle points on the full energy
surface project onto saddle points on the adiabatic surface
when minimizations are performed with respect to the stiff
degrees of freedom: i.e., bond lengths and angles. Converse-
ly, saddle points on the adiabatic surface correspond to tran-
sition states on the full energy surface.

Next we address the impact of the terms in the Hessian
arising from the nonbonded interactions by considering, in
sequence, contributions to: (a) the diagonal elements of
Hgz, Hoe; (b) the off-diagonal elements of Hyg, Hge; and
(c) the elements in Hypg, Hy,,, etc.

(a) The diagonal elements of Hz, and Hyg are, respec-
tively:

(6¢)

3’E d°Ey
CAL Ny i (4a
9b? o+ 9b? )
J%E d’Ey

=2K, + —X, (4b)
EYE ARFYF

where typical values for the force constants are 300-500
Kcal/(mol A?) for K », and 60-70 Kcal/(mol rad®) for
K,.'° If the second derivatives of the nonbonded terms in
these equations are both negative and larger than the first
terms, then the diagonal elements of Hyz and Hgg will not
necessarily be positive, which would imperil the conclusions
reached in the analysis above.

7615

It can be shown by simple geometrical arguments that

32E,
362

or

2

and

= b4

(N

where b is a typical bond length. Therefore an order-of-mag-
nitude estimate of the nonbonded contributions to the diag-
onal elements can be obtained by considering the second
derivatives of, for example, the Lennard-Jones potential for
van der Waals interactions and the Coulomb potential for
electrostatic interactions. The Lennard-Jones potential is

A B
LJ —76'—79

} 3%E,

ob;

ar

where 7 is the interatomic distance, and typical values of 4
and B are 100-1000 Kcal A'?/mol and 5-50 Kcal A®/mol,
respectively.'? The second derivative of this potential is

d?Uy A B
=12'13 ——-67—,
dr? P 7~

and it can be seen that this derivative has large positive val-
ues at small interatomic distances and small negative values
at large separations [e.g., for 4 = 300 Kcal A'>/mol and
B =10 Kcal A%/mol, (d2U,,/dr*) = 145 Kcal/(mol A?)
at 7= 1.5 A and — 0.05 Kcal/(mol A2) at r=3 A]. The
Coulomb potential is

U, = 99> ,

dmreyr
where €, is the permittivity of free space. If the charges are
expressed in electron units, 7 in A and the energy in Kcal/
mol, then the second derivative is

d*U,
ar

which is positive for like charges and negative for opposite
charges. This derivative will have large absolute values at
small separations [e.g., for g,,q,= + 1, (d*U,/dr)
= 24 Kcal/(mol A?) at r = 3 A and 5.3 Kcal/(mol A?) at
r=>5 A]. In most cases, ¢, and ¢, will be atomic partial
charges and the numerical values of the second derivative
will be smaller by 1 order of magnitude or more. Further-
more, these partial charges usually appear in groups of zero
net charge, so the effects due to neighboring, opposite partial
charges will tend to cancel each other, diminishing the over-
all contribution of the electrostatic interactions even more.
Based on the analysis above, the numerical values of the
second derivatives of the nonbonded interactions could nev-
er become negative and as large in magnitude as the force
constants. Thus, the diagonal elements of Hg; and Hgg are
always large and positive.

(b) When the off-diagonal elements in Hy,; and Hgg
are nonzero, their eigenvalues can no longer be identified
with the diagonal elements of these block matrices. How-
ever, many of the off-diagonal elements will be zero since
only proximal internal coordinates can give rise to nonzero
off-diagonal elements. In this case, their magnitude will
again be less than or equal to (J2E,/dr*), which will be
significantly less than the diagonal elements. Consequently,
from the Gersgorin theorem in the perturbation theory of

=2-331.5 1%z
r3
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matrices,*® the difference between the eigenvalues and the
diagonal elements is bounded by the sum of the absolute
values of the off-diagonal elements of either the correspond-
ing row or column of the matrix; i.e., if

Pj=z|ij| or Pj=kEIij|’
#j

k#j
then the eigenvalues will be located within the following
disks on the complex plane:

{z|z— Hyl<p,} j=1n.

From the analysis in part (a), all the p; will be significantly
smaller than the diagonal elements, and hence the eigenval-
ues of Hyp and Hgg are guaranteed to be positive.

(c¢) The presence of elements in Hzg , Hz,, deprives the
Hessian of its block-diagonal character. However, these ele-
ments are expected to be zero or very small, and thus the
Hessian will be diagonally dominant. Furthermore, the
properties of matrices vary smoothly with small perturba-
tions in their elements.?® Therefore it is expected that the
presence of these elements will not invalidate the argument
made above based on the properties of block-diagonal matri-
ces; specifically, that the eigenvalues of the Hessian will be
the eigenvalues of the diagonal block matrices. It should also
be noted that only the sign and not the absolute magnitude of
the eigenvalues is important in the foregoing discussion.

In summary, adiabatic projections of potential energy
surfaces onto the space of essential degrees of freedom retain
all the information needed to identify both equilibrium and
transition states for conformational transitions. The equilib-
rium states are determined as minima and the transition
states as saddle points on this adiabatic surface.

B. Determination of the reaction path on the adiabatic
surface

The definition of the IRC is the trajectory of infinitesi-
mal velocity (or steepest descent path) from the transition
state towards reactants and products.'®?® Clearly, from this
definition, a rigorous determination of the IRC should start
from the transition state, from which the gradient (actually
the negative of the gradient) can be followed in both direc-
tions to obtain the reaction path. This method of determin-
ing the reaction path can be adopted, even for large systems,
since transition states can be readily obtained by working on
adiabatic energy surfaces. For conformational transitions,
the IRC determination can be simplified by an adiabatic ap-
proximation, whereby the stiff degrees of freedom are as-
sumed to be fully relaxed at all points along the reaction
path. Thus the path can be determined by following the gra-
dient on the adiabatic surface, rather than on the full energy
surface. This is the approach taken here.

One complication that frequently arises when the gradi-
ent is followed in Cartesian space is that the calculated path
exhibits oscillations.?! That is, if the path is considerably
curved, any step along the gradient (the tangent to the path)
will deviate from the true path, unless the step is appropri-
ately small. As a result, the calculated path will not follow
the steepest descent path, but will oscillate around it. This
problem, however, is expected to be much less severe in our

Lazaridis ot a/.: Paths for conformational transitions

approach for the following reasons: First, conformational
reaction paths are much less curved in internal coordinate
(IC) space than in Cartesian space. For example, the reac-
tion path for the gauch—trans isomerization of butane is
highly curved in Cartesian space, but is almost a straight line
in IC space. Second, the step along the gradient is expressed
in terms of “soft” internal coordinates, so that distortion of
stiff degrees of freedom, which could give rise to large gradi-
ents, does not occur. In other words, adiabatic surfaces are
much “smoother” than full energy surfaces.

There has been some confusion in the literature with
respect to the determination of a RP in a space other than the
3N-dimensional Cartesian space.’”* If one simply follows
the vector of the partial derivatives of the energy JE /dq'
with respect to the coordinates used (g') as in Cartesian
space, the path will not be the same for all coordinate sets.3”
The first instance where this problem was encountered, was
in the study of triatomic collisions.*' There, a simple coordi-
nate transformation (the familiar “scaling and skewing” of
the coordinate system) was adequate. In the general case,
however, the problem of obtaining a coordinate-indepen-
dent path has to be addressed within the framework of tensor
calculus and Riemannian geometry.>® A brief discussion,
somewhat different from those in the literature,?>*%3° is pre-
sented below.

In any space of generalized coordinates q we can define
two complete sets of base vectors,*>** one covariant

N k
P = Qx_ € (8a)
= 9
and one contravariant
3N a i
i q
b = —e,, (8b)
k§=:1 8x" k

where x* are Cartesian coordinates and e, are unit vectors
along the k Cartesian axes. The gradient of the energy can be
expressed in terms of either the covariant or the contravar-
iant base vectors:

gradient = v'b; = v, b, 9

where v; and v’ are the covariant and contravariant compo-
nents of the gradient, respectively, and the Einstein summa-
tion convention is used. In Cartesian space, the contravar-
iant and covariant base vectors are identical, so no
distinction between the covariant and contravariant compo-
nents of the gradient can be made. Both are equal to the
partial derivatives of the energy with respect to the Cartesian
coordinates. However, in an arbitrary coordinate system,
the partial derivatives of the energy with respect to the gen-
eralized coordinates q will be just the covariant components
of the gradient

(10

In determining the reaction path in a generalized coordinate
system, it is more convenient to use the covariant base vec-
tors, since they are tangent to constant g lines, whereas the
contravariant base vectors are not.**> For example, in the
case of the alanine dipeptide, where the adiabatic energy is
commonly plotted as a function of the two main torsional
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angles ¢ and ¢, the covariant base vectors b, and b,, will be
parallel to the ¢ and 1 axes, respectively, whereas b? and b¥
will not. However, from Eq. (9), to use the covariant base
vectors, the contravariant components of the gradient are
needed. These are obtained from the covariant components

V= gijuj’ (11)
where
. 3N aql aq/
i — 4 Y9 12
J kgl ax* ax* (12)

are the contravariant components of the metric tensor. This
operation is in practice straightforward, since expressions
for g¥ in terms of internal coordinates have been extensively
tabulated.® Therefore the procedure to obtain the steepest
descent path in IC space is the same as that in Cartesian
space, as long as one “follows” the contravariant compo-
nents of the gradient instead of the covariant components.

As discussed above, the RP is not determined in the full
(3N-6) dimensional IC space, but on the adiabatic energy
surface in the space of “essential” torsional angles. Since
movement on the adiabatic surface implies smail changes in
the stiff degrees of freedom, the g7 should, in principle, also
include contributions from these implicit changes. However,
these contributions to the metric tensor will be small in mag-
nitude and similar in all directions, so that the gradient is
hardly affected. Therefore they are assumed to be negligible
in the present work.

Finally, it is conceivable that the determination of the
RP on the adiabatic surface instead of the full surface intro-
duces an error, since we impose that dE /dg* = 0 along the
RP, where ¢’ is a degree of freedom that is mapped out. For
stiff degrees of freedom, this will be a good approximation
and the error in the steepest descent path is expected to be
minimal. However, in a case where soft degrees of freedom
are mapped out, the error can be significant if these degrees
of freedom change substantially in the transition under
study.

C. Determination of reaction paths in solution

Potential energy surfaces can be dramatically affected
by the solvent, as demonstrated, for example, in studies of
the alanine dipeptide in water.***> Since the shape of this
surface determines the reaction path, the path in solution
could be dramatically different from that determined in
vacuum. Present methods for calculating the RP, including
the one described above, give unique, well-defined paths
only for isolated molecules. When embedded in a condensed
medium, however, these methods will no longer give a
unique RP, but a collection of different paths, one for each
local configuration of the solvent.?’

One way to account for the effect of solvent is through
some form of dielectric screening in the energy function,
such as a distance-dependent dielectric constant.”” Al-
though this approach would hopefully bring the calculated
path closer to the actual path in solution, it may not capture
important solvent effects.

We propose an alternative approach whereby the path
calculated in vacuum (with or without dielectric screening)

Vol. 9

is used as a zeroth-order approximation to the IRC that is
subsequently refined by constrained molecular dynamics in
explicit solvent. This is accomplished by constraining the
molecule at different values of the RC and then sampling
probability distributions in the subspace orthogonal to the
path. The peaks of these probability distributions should, in
principle, provide a better estimate for the path in solvent,
which of course, can serve as the starting point for further
refinements by the same procedure. (In principle, these re-
finements could be accomplished by calculating gradients of
the free energy in solution. However, the uncertainties in
free energy calculations do not appear to justify the compu-
tational expense of this approach.) To the extent that the
simulations orthogonal to the path reproduce entropic ef-
fects, the resulting RC will essentially be a “minimum free
energy” path.

In practice, sampling orthogonal to the steepest descent
path is enforced by a constraint of the form*?

v,q' = constant (v,- = _6£) , (13)
dq'

which defines a hyperplane in IC space. A method to per-
form molecular dynamics simulations with single IC con-
straints has been proposed recently by Tobias and Brooks.*¢
The method is extended here to linear combinations of ICs.
Details of this algorithm are given in the Appendix. Further
discussion of the orthogonal constraints is given in the next
section.

D. Calculation of the free energy profile

While the energy profile for a conformational transition
is simply the potential energy along the reaction path, the
free energy profile (or potential of mean force) also depends
on the shape of the potential energy surface in the vicinity of
the reaction path. Large variations in the width of the “val-
ley” around the reaction path will introduce significant en-
tropic contributions to the free energy profile.

Until recently, calculations of potentials of mean force
had been limited to simple reaction coordinates (e.g., Refs.
14, 17, and 47). Elber®! has extended these calculations to
general, multidimensional reaction coordinates using the
free energy perturbation (FEP) method.!>*%*® In this meth-
od, simulations are performed at successive points on the
path (denoted below by 1) to sample the orthogonal degrees
of freedom at each point. Perturbations to the next point on
the path (denoted by 2) are then performed, and the differ-
ence in potential energy (E, — E|) is calculated. The free
energy difference is obtained from

E-L > , (14)
kT |,
where (--+) denotes an ensemble average at point 1. The
methodology proposed here is essentially the same; the only
difference being that the constraints and perturbations are
now expressed in terms of the “essential” torsional angles.
Although it is clear that sampling must be performed
orthogonal to the path, the shape of the hypersurface that
should be sampled is not obvious. Elber®! chose a hyperplane

in Cartesian space, and we do the same in torsional angle

Ad, , = —kTIn <exp —
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space. The equation of a hyperplane orthogonal to the reac-
tion path in torsional angle space has been given in the pre-
vious section; i.e.,

v;q' = constant.

A “perturbation” along the RC must move the system from
points on the sampled hyperplane to points on the neighbor-
ing hyperplane corresponding to another value of the RC
(see Fig. 3). Successive hyperplanes will not, in general, be
parallel to each other, and hence the magnitude of the
changes in torsional angles should not be equal at all points.
The method adopted in this work has been to move in a
direction parallel to the path, until the target hyperplane is
reached. Thus perfect matching of the hyperplanes is
achieved.

Since all of our work is done in torsional space, only
moves of torsional angles are performed in the FEP calcula-
tion; the bond lengths and angles are kept constant during
the perturbations. One might expect better sampling with
this approach, since these moves involve only soft degrees of
freedom, in contrast to moves in Cartesian coordinate space.

The sampling employed here is only approximately or-
thogonal to the path. Strictly orthogonal sampling would
require bond lengths and angles to be included in the defini-
tion of the hyperplane, which is computationally much more
demanding. We note, however, that such sampling has not
been performed even for simple reaction coordinates. For
example, in the trans—gauche isomerization of butane, when
one constrains the torsional angle and samples all other de-
grees of freedom, the sampling is not strictly orthogonal,
since internal coordinates are not orthogonal coordinates.*®

I1l. IMPLEMENTATION

The most efficient approach to TS determination is
based on the Newton~Raphson optimization scheme. This
technique uses information on the second derivatives of the
energy and requires diagonalization of the Hessian. It is ex-
actly these matrix manipulations that is the bottleneck in the
technique when applied to molecules with more than 20-30
atoms.>’ When Cartesian coordinates are used, the Hessian
is 3N X 3N dimensional, where N is the number of atoms. In
contrast, the dimension of the Hessian in torsional angle
space is greatly reduced, and hence these techniques become
computationally more tractable.

A major shortcoming of the conventional Newton-
Raphson approach is that it will converge to the closest sta-
tionary point without discriminating between saddle points
and equilibrium points. Thus the method performs well
when a good starting structure can be guessed (as is the case
for the alanine dipeptide), but fails in more complicated si-
tuations. The algorithm proposed by Cerjan and Miller®*
and elaborated upon by Simons et a/.>® and by Baker®' has
been an efficient remedy to this problem. A simple form of
this algorithm is implemented here: the energy is maximized
along the eigenvector corresponding to the lowest eigenval-
ue of the Hessian and minimized along all other eigenvec-
tors. The step along the eigenvector corresponding to the
lowest eigenvalue is given by

h1= £1

1 1
-7 5 /i|=—b1+——vbf+4g21
b, — A, 2 2

and the step along the other eigenvectors is given by
__&

b,—A’
where A is the solution to the equation

g
A:E ,
ZtA—b;

b =

b, denotes the eigenvalues, and g, is the projection of the
gradient { (JE /3¢4,),(IE /2¢,),...] onto the eigenvector i.
For comparison, the Newton—-Raphson step is

ho= -5
b.

{

The changes in the dihedral angles are then obtained as
o¢; = Zhi(v,')j,

where (v;) ; denotes the jth component of the eigenvector v;.

Two schemes were employed for the numerical evalua-
tion of the derivatives of the adiabatic energy. In the one used
initially, small displacements were performed in the map-
ping coordinates and the energy was minimized with respect
to all other degrees of freedom. In the second, rigid-body
changes in the mapping coordinates were performed and the
energy was evaluated without energy minimization. By vir-
tue of Eq. (6), the two approaches should be equivalent.
Indeed, they were found to give identical results; however,
for the reverse turn, the second scheme was found to be more
than 20 times faster for TS determination and about 10 times
faster for steepest descent path tracing. After each step in
both the TS and RC determinations, the energy was mini-
mized with respect to all other degrees of freedom, while
constraining the mapping coordinates at their desired val-
ues. The adopted-basis Newton-Raphson method was used
for these minimizations.!® The diagonalization of the Hes-
sian was performed by the Householder method.**

The determination of the RC is initiated by a small dis-
placement from the transition state in either of the two direc-
tions along the eigenvector corresponding to the negative
eigenvalue of the Hessian. (Rigorously, one must follow the
negative eigenvalue of the matrix HG, where G is the contra-
variant metric tensor.>* Since HG will not, in general, be
symmetric, its diagonalization would be more involved.*” In
the present calculations, however, both matrices will have
almost identical eigenvectors.) After that, the vector of the
partial derivatives of the energy on the adiabatic surface is
calculated numerically, and then multiplied by the G matrix
for the “essential” torsional angles. The elements of the G
matrix are calculated from the current conformation of the
molecule by the expressions given by Decius.>® A step is then
taken in the direction of the resultant vector. Typical step
sizes of 2.5-3 deg gave smooth paths. No stabilization proce-
dure [e.g., see Ref. 21] was implemented. The tracing of the
steepest descent path stops when the gradient vector reverses
direction, signifying an equilibrium point. The values of the
gradient at each point on the path are saved to be used later
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as constant coefficients in the constraint equation for or-
thogonal sampling.

Initially, the multiple dihedral constraints were en-
forced during molecular dynamics simulations by a general-
ization of the iterative procedure of Tobias and Brooks*®
(see the Appendix ). However, this procedure often failed to
converge in simulations of the reverse turn, where the con-
straint is a combination of four dihedral angles. An alterna-
tive scheme was subsequently used, where a first estimate for
the Lagrange multiplier was calculated as above, but a linear
interpolation procedure was subsequently employed to ob-
tain better estimates.

For the FEP calculations, a perturbation procedure was
devised to move the system to the next hyperplane. If the
moves are performed parallel to the path, then

Ad, _Ad, _ ... _ Ad.

Mgy Ady Ado’
where A¢@, are the moves in the dihedral angles (i = 1,...,n)
required to reach the next hyperplane, and A¢, are the cor-
responding moves in the dihedral angles along the path (see
Fig. 3). Expressing all moves in terms of A¢,, we obtain

Ay
A¢i= AZ:

Let v} be the gradient coefficients at the target hyperplane
[see Eq. (13)], and ¢}, be the values of the dihedral angles at
the target point on the path. The requirement that the “per-
turbed” values of the dihedrals satisfy the equation of the
target hyperplane leads to

i+ A6 + (g +

i#1

A, (15)

Ady
Adio

where the ¢, are the current values of the dihedrals. Solving
for Ag,, we obtain

3vl(gh — )
Ag, = N ; .
Ul + 2, V{(Ady/Ad o)
Equations (15) and (17) are then used to compute the re-
quired moves. “Double-wide” sampling is possible by calcu-

lating two sets of dihedral angle moves, one for the forward
and one for the backward direction.

89)=Tvide,  (16)

a7

1V. APPLICATIONS

Small peptides have been useful model systems for the
study of conformational properties of proteins. We have ap-
plied our method to the determination of the reaction path
for the transition of the alanine dipeptide from the c¢7eq to
the c7ax conformation, and compared the results to those
previously obtained in Cartesian space.?’ The transition of a
blocked alanine tripeptide from a “folded” structure mim-
icking reverse turns in proteins to an extended conformation
was also considered. The free energy difference between the
folded and unfolded conformations in water, which had been
calculated previously by umbrella sampling,®* is here ob-
tained by FEP along the reaction path. This result reflects
the intrinsically unstable nature of the reverse turn confor-
mation, and thereby contributes to our understanding of the
role of turns in the mechanism of protein folding.>* All cal-

Vol.

culations were performed with the program CHARMM,'’
augmented with code implementing the proposed methods.

A. Alanine dipeptide

The alanine dipeptide has two primary degrees of free-
dom: the torsional angles ¢ and 1 around the @ carbon. The
other torsional angles, around the two amide bonds, always
remain in their preferred, planar conformation.

Figure 1 shows the adiabatic energy surface for the alan-
ine dipeptide with respect to ¢ and #. This map was obtained
by minimizing the energy with respect to all other degrees of
freedom at 10° intervals for ¢ and . The default CHARMM
energy function with a dielectric constant equal to unity was
used for this calculation. The energy surface of Czerminsky
and Elber,?” which is shown in Fig. 2, was produced with a
slightly different energy function. However, the portion of
the map corresponding to the transition of interest, as shown
in Fig. 1, is seen to be almost identical on the two surfaces.

It is apparent from Fig. 2 that all transition states deter-
mined in Cartesian space correspond to saddle points on the
¢—1 adiabatic surface of the alanine dipeptide, which sup-
ports the analysis in Sec. II A. Furthermore, the reaction
paths on this energy surface are, for the most part, “perpen-
dicular” to the contour lines, although deviations do exist.
(The term “perpendicular” denotes “apparent” orthogonal-
ity, whereas the term “orthogonal” is used in a coordinate-
independent sense.) For the path of interest here—i.e., the
path connecting 4 and B through the transition state 72—
these deviations become significant near the minimum ener-
gy states, 4 and B. Two factors can account for these devia-
tions: the non-Cartesian nature of the ¢— space, and the fact
that bond lengths and angles may not fully relax along the

120
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[}
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Z
>
-60

-120

¢ (degrees)

FIG. 1. Contour plot of the adiabatic energy surface with respect to the
dihedral angles ¢ and # for the alanine dipeptide. The energy spacing be-
tween contour lines is 1.5 Kcal/mol. The circles denote the reaction path
between the c¢Teq and ¢7ax conformational energy minima calculated by the
present method. The dashed line is the path perpendicular to the contour

lines, obtained when no use is made of the metric tensor.
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FIG. 2. Reaction paths for the alanine dipeptide calculated in Cartesian
space and projected on the ¢, ¥ adiabatic energy surface. The minima are
denoted by A-D and the transition states by T'1 to T8 (from Ref. 27, re-
printed by permission).

RC (i.e., the adiabatic approximation is not valid).

The transition state in Fig. 1 was determined on the
adiabatic surface by the conventional Newton—-Raphson
method. The RP, determined by the method described in
I1I B, is given by the circles in Fig. 1. Steps of 2.5 deg along
the gradient were found to give a smooth path. Comparison
with the path calculated in Cartesian space (Fig. 2) shows
that the two results are identical. A particularly stringent
comparison can be made near the equilibrium points (points
Aand Bin Figs. 1 and 2), where the path deviates noticeably
from the curve “perpendicular” to the contour lines (shown
as dashed line in Fig. 1). The fact that our calculations re-
produce extremely well these features of the “exact” path in
Fig. 2, suggests that the deviations are due to the non-Carte-
sian nature of the ¢—# space, and not the adiabatic approxi-
mation. Although the other paths on the alanine dipeptide
map in Fig. 2 have not been determined, values of the metric
tensor, calculated at selected points along these paths, have
been found to account for other instances where the reaction
paths are not perpendicular to the contour lines.

FEP calculations along the path in vacuum showed only
a very small difference between the energy and the free ener-
gy barriers: A4 = 9.12 4+ 0.5 Kcal/mol and AE, 4,, = 9.35
Kcal/mol. This difference was within the estimated error of
the calculation, and therefore the energy and free energy
profiles are not presented here.

In order to determine the RP in water, molecular dy-
namijcs runs were performed at several points on the path in
vacuum, allowing sampling of orthogonal degrees of free-
dom. The orthogonal coordinate at several points on the
path from Fig. 1 is depicted in Fig. 3. At each point, 2000
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FIG. 3. Reaction path for the alanine dipeptide and the orthogonal coordi-
nate at several points along the path. The arrows illustrate how the pertur-
bation is performed: A¢, is denoted by the solid arrow and A¢,; by the

dashed arrows (see the text for details).

steps of equilibration were performed, followed by 10 000
steps of production, during which the probability distribu-
tion along the orthogonal coordinate was calculated. One of
these probability distributions is shown in Fig. 4, with the
corresponding distribution from a run at the same point in
vacuum. Although in vacuum the molecule remains close to
the path, considerable deviation in the maximum and a more

0.356 —T —T T
0.30 _

vacuum

0.25 |

0.20 |

pl@)

0.05 /

0.00 L

q (degrees)

FIG. 4. Probability distribution along the orthogonal coordinate ¢ for the
alanine dipeptide in vacuum (solid line) and in explicit water (dashed line).
This particular distribution was obtained at point ¢ of Fig. 5. The value of
the orthogonal coordinate is set to zero on the vacuum path.
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diffuse distribution is observed in water, consistent with pre-
vious work showing that the energy surface for the alanine
dipeptide in water is substantially “flatter” than in vacu-
um.** Although the characteristic shape of the probability
distribution in water is also substantially different from that
in vacuum, this difference may not be significant, since the
simulation in water was not carried out for a sufficiently long
period of time.

In principle, the peaks of the probability distributions
should trace the “minimum free energy” path in water.
However, the resulting path may not be very smooth since
the distributions are diffuse and multiple peaks sometimes
appear. Nonetheless, the peaks of the calculated distribu-
tions for the alanine dipeptide, plotted in Fig. 5, do give a
clear indication of the reaction path in water. The trend is
clearly towards the a-helical conformation (4, = — 60),
which is again consistent with previous simulations, which
show that the a-helical conformation is stabilized in water.*’
This trend can be attributed to the solvating function of wa-
ter. For example, along line c in Fig. 5, the structure corre-
sponding to the vacuum path exhibits a hydrogen bond be-
tween the NH and CO groups at the ends of the molecule
(see Fig. 6). This bond is formed at the expense of strain in
primarily the torsional angles. By examining instantaneous
configurations from the constrained molecular dynamics
runs in water at that point, we see that in water this intramo-
lecular hydrogen bond is replaced by hydrogen bonds to the
solvent, and thus the molecule can relax the intramolecular
strain. As a result, the transition between the c7eq and c7ax
conformations of the alanine dipeptide will proceed through
the helical conformation. It is worth noting that this conclu-
sion was reached here in a systematic manner, without any
ad hoc assumptions or adjustments of the potential energy
function.
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FIG. 5. Reaction path in water for the alanine dipeptide. The peaks of the
probability distributions along the orthogonal coordinate are denoted by
circles. The two circles in one of the orthogonal runs correspond to the two
peaks of the probability distribution. For comparison, the vacuum path is
shown by the solid line.
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FIG. 6. The blocked alanine tripeptide used as a model for a reverse turn.
The alanine dipeptide has one alanyl residue [NHCH(CH3)CO] less.

B. Reverse turn

The “alanine tripeptide” has four degrees of freedom
associated with the folding process considered here: the tor-
sional angles @,, ¥,, 3, and ¢, shown in Fig. 6. Therefore the
determination of the TS and the RC is performed in this
four-dimensional torsional angle space. A dielectric con-
stant of 50 was used with the expectation that the resulting
path would be closer to the true path in water. This value of
the dielectric constant was found to give results comparable
to those of simulations with explicit water in previous (un-
published) studies on the alanine dipeptide.

The standard values of the dihedral angles for a type I
reverse turn, as given by Chou and Fasman,”® are — 60,

— 90, — 30, and O for ¢, 1,, &5, and ¥, respectively. The
corresponding values for the extended conformation are
$r$3 = — 120 and 1, ¥ = 120. Starting from these ideal
values, a local minimum in energy was sought for each con-
formation. The values of the dihedral angles in the structures
obtained are listed in Table I.

The Cerjan—Miller algorithm was used to search for
transition states. This search was initiated from guessed
structures intermediate to the two energy-minimized states,
as well as from the equilibrium structures themselves. Ini-
tially a large step size was allowed (6-8 deg), which was
decreased (to about 1 deg) when a region of only one nega-
tive eigenvalue was entered. The tolerance for the gradient
on the adiabatic surface at the transition state was set to 0.01
Kcal/(mol rad). The increment for the numerical evalua-
tion of the derivatives was 1 deg. After a transition state was
located, the gradient was followed in both directions to give
the RC and identify the equilibrium structures connected
through the transition state. A total of about 3 to 5 CPU min
on a Vax 3100 was required to determine a transition state
starting from an arbitrary structure. The calculation of one
side of a steepest descent path from a transition state to a
Jocal minimum took about 7-10 CPU min on the same ma-
chine. Thus, even though thorough code refinement and pa-
rameter optimization for the algorithm have not been at-
tempted, the level of computational efficiency achieved is
quite pleasing.

Two distinct paths resulted from the search, each pro-
ceeding through two transition states and an intermediate
stable state (M 3 and M 4). The energy and the dihedral an-
gles for all these equilibrium and transition states are given in
Table I. The dihedral angle changes for path B in Table I are
shown in Fig. 7, and the energy profile along the same path is
shown in Fig. 8. All transition states were verified in the full
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TABLE 1. Values of the energy and the dihedral angles of the equilibrium and transition states for the unfolding of a reverse turn.

Path 4 Path B
State Energy(e = 50) &, ¥, s ¥, State Energy(e = 50) b, ¥, &y s
M1 —3.15 —72.2 —37.2 —81.2 — 313 M1
T1 - 1.59 —73.0 —404 —100.5 +56.7 T2 —0.98 —96.9 +445 -850 —39.1
M3 —2.49 —177.6 —3%93 —843 +1305 M4 —222 —831 41312 —-808 —1379
T3 —0.75 —98.2 +428 —853 +129.1 T4 —0.81 —82.6 +1306 —99.5 +44.2
M2 —2.06 —82.6 1292 —829 +129.1 M2

Cartesian space by establishing that the Hessian (expressed
in Cartesian coordinates) had one and only one negative
eigenvalue.

The results in Table I and Fig. 7 show that each elemen-
tary step in the two paths involves primarily a single 1 angle.
Clearly, the two paths are almost mirror images of each oth-
er. They differ only in the sequence of the changes in the 3
angles. In the first path, i, changes, followed by #,. The
reverse occurs in the second path. (Since only ¢, and i,
change significantly along the paths, a reduction of the prob-
lem could be achieved by mapping out the ¢ angles as well.
Trial runs showed that, indeed, the transition states could be
determined equally well in the two-dimensional #,, #,
space.) Thus the intermediates (M 3 and M 4) have one o, ¢
pair in the a region and the other in the S region of the
Ramachandran plot.>® The transition states have one ¢, ¥
pair (the pair that is transforming) in the “bridge” region
between the o and S regions, with ¢ between — 95 and
— 100 and 3 between + 45 and + 55. These sequential
flips were also observed by Czerminsky and Elber in their
study of the helix-to-coil transition of a similar tetrapep-
tide?” and by Tobias and Brooks.” in umbrella sampling
calculations on a-helix formation.
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FIG. 7. Dihedral angle profile along path B for the reverse turn (solid lines)
and the peaks of the probability distributions for the same angles from the
orthogonal runs in water ¢, (O), ¥, ( + ), ¢; (#), ¥, (3). The top scale
indicates the stationary states along the path. The arc length in radians
along the path is denoted by s.

To investigate the effect of water on this transition, we
concentrate on path B of Table I. Molecular dynamics simu-
lations in explicit water were performed at 14 points along
the path and probability distributions for the four angles
were calculated. [Strictly speaking, a three-dimensional
probability distribution p(q,,¢,,¢;) should be calculated,
where g, are properly defined normal coordinates. However,
due to practical difficulties in determining normal coordi-
nates and calculating a multivariate distribution, we simply
resorted here to calculating the distributions of the four an-
gles p(é,),p(1,),p(#3), and p(3f;). This approximation
may, in principle, contribute somewhat to the scatter of the
peaks of the distributions plotted in Fig. 8.] The peptide was
placed in a 15%x31 A rectangular box of 250 equilibrated
TIP3P waters and all water molecules overlapping with pep-
tide atoms were deleted. Periodic boundary conditions were
employed. The system was equilibrated for 2000 steps and
10 000 additional steps were used to calculate the probability
distributions (time step = 1.5 fs and SHAKE for all bonds
with hydrogens). These simulations were performed on the
Cray-YMP at the Pittsburgh Supercomputer Center. The
peaks of the calculated distributions are plotted in Fig. 7. No
systematic deviation from the original profile in high-dielec-
tric vacuum is observed, except perhaps for the ¢, angle near
TS4. This deviation is probably due to a hydrogen bond be-
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FIG. 8. The potential energy profile along path B for the reverse turn.
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tween the NH-methyl blocking group and the central car-
bonyl group, which is present in the initial path but can be
replaced by hydrogen bonds to water in the simulations. Ap-
parently, the sequential mechanism of the transition is not
affected by water. Overall, the high-dielectric vacuum path
seems to be a good approximation for the actual path in
water and therefore was used as the basis for the FEP study.

A total of 132 points were selected along the path for the
FEP calculations in water. Simulations were performed at
every other point with double-wide perturbations to both
neighboring hyperplanes, so that the entire path was cov-
ered. The advantage of an equal number of “forward” and
“backward” perturbations in the construction of the free en-
ergy profile is that systematic errors due to, for example, the
magnitude of the perturbation tend to cancel each other. The
changes in the dihedral angles required to move parallel to
the path from one hyperplane to another were calculated as
described in Sec. II1. Typical values for these changes near
the path are 2-3 deg for the primary angle (¢, or ¢;) and 0.5
to 1 deg for the other angles. Far from the path, though, the
changes may become larger, as the orthogonal hyperplanes
are not paralle] to each other.

The simulations were initiated with the peptide struc-
ture on the path and solvated in a box of equilibrated water
molecules, as above. The equilibration consisted of 2000
steps (3 ps), followed by 15 000 steps (22.5 ps) of sampling.
The velocities were rescaled every 200 steps to maintain a
temperature of 300 K. “Perturbations” were performed at
every other step. The 66 simulations required about 60 sin-
gle-processor CPU h on the CRAY-YMP.

Standard deviations of the mean for individual FEP
runs, calculated by splitting the sample into bins of 100 data
points each, were quite large (about 30% on average). How-
ever, this should be expected, since the peptide samples a
wide range of configurations during a simulation, and each is
likely to exhibit slightly different solvation properties. The
excursions of the molecule away from the path were quite
large (certain dihedral angles varied by more than 180 deg in
some runs). This demonstrates the great flexibility of these
peptides and suggests that a diffusive description of their
conformational transitions might be more appropriate.

By splicing together the calculated free energy differ-
ences, the free energy profile in Fig. 9 is obtained. The two
barriers are slightly shifted to lower values of the reaction
coordinate s, compared to the energy profile in Fig. 8. The
magnitude of the first barrier is 2.77 and that of the second
2.34 Kcal/mol. The major difference between Figs. 8 and 9 is
in the relative stability of the equilibrium states. The unfold-
ed state in water is found to be more stable than the folded
state by about 3.1 Kcal/mol., which is in qualitative agree-
ment with the value of 5 Kcal/mol estimated by umbrella
sampling.** The discrepancy between the two methods is
understandable, given the large uncertainties inherent in free
energy calculations.

Unfortunately, the result obtained on the relative stabil-
ity of the folded and unfolded states cannot be regarded as
highly reliable, since a large number of intermediate calcula-
tions were needed to obtain this result. Errors in the interme-
diate calculations may easily accumulate and shift consider-
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FIG. 9. The free energy profile along path B for the reverse turn in water.

ably the free energy difference. More and longer simulations
are required to diminish the uncertainty of the results. An-
other factor that needs to be included for improved accuracy
is a “momentum correction,” that arises because the mo-
mentum conjugate to the reaction coordinate is forced to be
zero during the simulation.’® However, this correction
should be rather small compared to the other uncertainties
in the calculation. Further analysis of the contributions to
the free energy barrier and free energy differences of intra-
molecular and intermolecular (solvation) interactions, elec-
trostatic interactions, peptide vibrational entropy, etc., as
well as the effect of different side chains, would be essential
in understanding the source of the instability of the folded
conformation. This analysis will be pursued in future work.

V. CONCLUSIONS

The proposed method has been shown to be an efficient
route to the determination of transition states for conforma-
tional transitions. The reaction paths obtained here appear
to be as accurate as those calculated by conventional meth-
ods in Cartesian space. For small molecules, such as the
alanine dipeptide, conventional methods are quite satisfac-
tory and the advantages offered by the present method will
be marginal. However, its necessity for larger systems can be
clearly recognized. Although the energy minimizations re-
quired in our approach represent an additional computa-
tional expense, they do not scale as dramatically with system
size as do matrix manipulations. Application of the method
to the dynamics of an inhibitor bound to the active site of
chymotrypsin is currently underway.”®

Although the proposed method is most useful in studies
of conformational transitions, specifically those involving
torsional angles, it is not restricted to these problems or to
empirical energy surfaces. The basic ideas are valid in any
reaction where certain degrees of freedom are not directly
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involved and adjust only slightly within a narrow potential
energy well. In cases where covalent bonds or angles are
severely distorted, the algorithm would have to be extended
in order to allow for such degrees of freedom to be treated
explicitly as essential degrees of freedom. Another useful
extension would be the incorporation of intermolecular in-
teractions, i.e., the ability to study physical interactions be-
tween two or more molecules. In that case, the set of essential
internal degrees of freedom would need to be complemented
by the intermolecular distances and relative orientations of
the molecules.

Although costly, constrained simulations in explicit sol-
vent seem to provide the most rigorous, systematic way to
obtain reaction paths in solution. Good first estimates, how-
ever, may be obtained by the use of higher dielectric con-
stants (or distance-dependent dielectric constants?’). Ap-
plication to the reverse turn model showed that the
sequential mechanism of conformational transitions in pep-
tides is not affected by water. However, water was found to
strongly affect the relative stability of the folded and unfold-
ed conformations of the peptide.

The determination of conformational free energy pro-
files and relative stabilities by FEP is feasible, although large
amounts of computer time are required to obtain reliable
thermodynamic quantities. The FEP method can be easily
applied to larger molecules, as long as the “moved” group is
small, such as an aromatic ring.*® Its applicability, however,
is questionable when large parts of the molecule, such as a
whole a-helix, must be moved. The development of reliable,
alternative techniques for the calculation of free energy dif-
ferences between different conformational states, ideally
without the need of intermediate simulations, would obvi-
ously be of great utility.
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APPENDIX

In this Appendix we formulate the problem of perform-
ing molecular dynamics simulations subject to a constraint
of a linear combination of internal coordinates. This is an
extension of the approach of Tobias and Brooks*® for single
internal coordinate constraints, which, in turn, was based on
the SHAKE algorithm.5® For more details the reader is re-
ferred to Ref. 46.

Consider the holonomic constraint

Lazaridis et al.: Paths for conformational transitions

] 1 1
g = Z UkSk — Z UkSO = 2 Uk(SSk =0, (Al)
k=1 k=1 k=1

where S, are internal coordinates and v, are constant coeffi-
cients. The Lagrange equations of the first kind are

ma,= —V.U—-AV,0

, i=1,"N, (A2)

where m; and a, are the mass and the acceleration, respec-
tively, of particle /and A is an unknown Lagrange multiplier.
The solution of the above equation at time step 4 is

r;(h) =r{(h) + o, (h), (A3)
where r; is the solution to the unconstrained problem, and
the dr; are the Cartesian displacements that need to be added
to satisfy the constraint

h2
or,(h) =—AV,0. (A4)

For small displacements, as those occurring over one
molecular dynamics step, the internal coordinates can be
approximated as linear functions of the Cartesian coordi-
nates of the atoms defining them:

My
68, = X sy [r; () —r,(O)], (AS)
j=1
where n, is the number of atoms defining the IC and s, is the
Wilson vector*® for the ith atom in the k th IC. The gradient
of the constraint is

Vo= kilvksk,-. (A6)
Using Eq. (1;3), Eq. (A1) becomes
a=kilvk.nk1skj-[rj(h) +6r;(h) —1;(0)] =0. (A7)

= /S
The last equation can be written

kélvkj:klskj'érj(h) = — ké"]v,ﬁS;, (A8)
where

85 = ~ilskj' [t/ (A) —r;(0)]. (A9)
Substitutingj ;Eq. (A4) into Eq. (A8) we obtain

kng"jis"f'(fn_j ,w,a) =— kglukas b (A10)
which can be solved for A, using also Eq. (A6):

A2 = b LY (All)

2;€=1Ukz;k= 1 (l/mj)skj'(zi:=lvk'sk'j)

The desired displacements are then obtained from Eq. (A4).

The numerator of Eq. (A11) can be easily calculated
from Eq. (A9). The denominator can be decomposed into
k = k'and k # k' contributions, for more convenient imple-
mentation:
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where n_ ., is the number of common atoms in internal co-
ordinates & and k' (the summation is performed only over
common atoms because either s,; or s, ; will be zero for all
others). The factor of 2 in the last term of Eq. (A12) com-
pensates for summing over k' > k instead of k'#k in the
same term.
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