Orientational correlations and entropy in liquid water
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The molecular pair correlation function in water is a function of a distance and five angles. It is here
separated into the radial distribution functiGRDF), which is only a function of distance, and an
orientational distribution functiofODF), which is a function of the five angles for each distance
between the molecules. While the RDF can be obtained from computer simulations, this is not
practical for the ODF due to its high dimensionality. Two approaches for obtaining an
approximation to the ODF are introduced. The first uses a product of one- and two-dimensional
marginal distributions from computer simulations. The second uses the gas-phase low-density limit
as a reference and applies corrections basethotine orientationally averaged interactions in the
liquid calculated by simulations, aritd) the observed differences in the one- and two-dimensional
marginal distributions in the gas and in the liquid. The site superposition approximation was also
tested and found to be inadequate for reproducing the orientationally averaged interaction energy
and the angular distributions obtained from the simulations. The two approximations to the pair
correlation function are employed to estimate the contribution of two-particle correlations to the
excess entropy of TIP4P water. The calculated value is comparable to the excess entropy of TIP4P
water estimated by other methods and to the experimental excess entropy of liquid water. More than
90% of the orientational part of the excess entropy is due to correlations between first neighbors.
The change in excess entropy with temperature gives a value for the heat capacity that agrees within
statistical uncertainty with that obtained from the change in energy with temperature and is
reasonably close to the experimental value for water. The effect of pressure on the entropy was
examined and it was found that increase in the predsignesity causes aeductionof orientational
correlations, in agreement with the idea of pressure as a “structure breaker” in water. The approach
described here provides insight concerning the nature of the contributions to the excess entropy of
water and should be applicable to other simple molecular fluids.1986 American Institute of
Physics[S0021-960806)51532-1

I. INTRODUCTION which is a function of the positions and orientations of all the
The structure of liquid water has been a subject of irl_molecules in the fluid. This function, even if it were possible

tense interest for many decades. Bernal and Fowiest to calculate it theoretically, is too complex to visualize as a

described water as a locally tetrahedral network of hydrogerl? asis for obtaining physical insights. An alternative approach

. describes the structure of a fluid by a series of correlation
bonded molecules lacking long range order and pmposedﬁmctions of increasing complexit
simple model for the water molecule. Since then, much effor 9 plexity
has been devoted to finding phenomenological models that 92(r2,w?), 693(r3,0%), 6g@(r% 0%
explain the anomalous thermodynamic and kinetic properties
of the liquid, such as its density maximum and the expansiowhereg® is the pair correlation functiolPCP and 59,
upon freezing, the isothermal compressibility minimum atfor example, is defined by the equation
46 °C, the high heat capacity, and the decrease of viscosity
with pressuré. The models fall into two classes. The first — 9®(r%,0%)=9?(1,29®(1,3)g'?(2,3 693 (r3, w?),
envision water as a mixture of two or more “species” with 1)
different coordination, enthalpy, and entropThe anoma-
lies are then explained by a change in the mole fraction O}N . . :
. . or example, denotes the positions and orientations of mol-
these species with temperature or pressure. The second class . .
: ecules 1 and 2. The advantage of the latter, hierarchical,
of models view water as a random network of hydrogen-

bonded water molecules lacking long range order due to thgescrlptmn Is that the importance of each function is ex-

presence of restricted bending of the hydrogen b3nfls. pected to decrease rapidly with as the difficulty of calcu-

A more fundamental approach to the structure of WaterIatlng it increases. Much of the information on the structure

: of a molecular fluid resides in the pair correlation function
or other molecular fluids makes use of tNebody correla- ) . . () : S
tion functior® g'“’. The triplet functionég'®’ is also expected to be signifi-

cant. It is generally presumed that tisg™ functions for
gN(rN ) N=4 rapidly approach unity a increases?

hereg® is the three body correlation function ant,2),
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In atomic fluids with spherically symmetric interactions consistent with experimentallfor theoretically determined
the pair correlation function can be obtained by standard inatom—atom correlation functiori8.The PCF thus obtained
tegral equation theori€sRecently integral equation methods has the minimum structure required by the information con-
have been used for the calculation of the triplet correlatiortained in the atom—atom correlation functions, but does not
function as wellt! In molecular fluids the PCF is a function correspond to the true PCF.
of both the distance and the relative orientation of the mol-  In addition to providing insights into the structure of
ecules. Although the standard integral equations can be foliquid water, the full PCF is important because it allows an
mally extended to include orientational degrees of freedomapproximate, first-principles calculation of the entropy based
solution of these equations is very laborious and necessitat@$ an expression for the entropy of a fluid in terms of mul-
the use of spherical harmonic expansibrs an alternative, tiparticle correlation functions. This expression was derived
integral equations have been developed for the calculation dfy a number of author¥ 1 The entropy expansion is briefly
site—site correlation functioné:*® Several such equations described in Sec. Il. It has been used in practical calculations
have been applied to liquid watér!®with considerable suc- to estimate the entropy of simple fluidseviewed in Ref.
cess. However, site—site correlation functions are integral4?, such as the hard sphere fidftf;>~*® Lennard-Jones
over the molecular PCF and thus contain only part of thefluids?®*>*"liquid argon;® mixtures of hard spherés,as
information in the full molecular PCF. The construction of well as molten salt$! liquid metals;® and model
the full PCF from site—site correlation functions is rigorously electrolytes’* For molecular fluids, calculation of the en-
impossible because there are many PCFs consistent with oii@py requires the full PCF. No expression for an approxi-
set of site—site correlation functiofis. mate evaluation of the entropy based on site—site correlation

Significant insights into the structure of liquid water functions has been derived, though the entropy could be es-
have been obtained from computer simulations of realistidimated from a PCF constructed by the method proposed by
water modelge.g., Refs. 17—22 The simulations confirmed Soper’.‘
the basic picture of water as a continuous random In this paper we attempt to develop approximations for
network?3?* The structural information commonly reported the PCF of liquid water by taking advantage of the fact that
from computer simulations of water is the atom—atom correthe PCF can be calculated exactly in the low density limit
lation functions. One reason for this is that these are théi.€., for two isolated interacting water moleculeg/e intro-
correlation functions obtained experimentally by x-ray andduce and test two approaches for obtaining the liquid state
neutron diffraction techniqués:?® The second and more re- PCF: The first is based on the factorization of the orienta-
strictive reason is the complexity of the molecular PCF. Thdional distribution into functions of lower dimensionality.
PCF of water is a function of six variables: the distanceVarious factorizations are examined and the best are selected
between the oxygen atoms and five angles describing theased on their performance in the low-density limit. The sec-
relative orientation of the two water molecules. A function of ond approach to the PCF of liquid water uses the low-density
six variables cannot be obtained directly from available comorientational distribution as a reference. This function is ad-
puter simulations because the amount of sampling requirel§isted to give the correct orientationally averaged interaction
to calculate a function grows exponentially with its dimen-€energy in liquid water and to be consistent with the lower
sionality. With the currently available computer power, we dimensionality orientational distributions obtained by simu-
cannot obtain functions of dimensionality higher than aboutation. These approaches are described in Sec. lIl.
3 with a reasonable spacing between grid points. In simple With the above methods for estimation of the PCF, we
atomic fluids the most complex function calculated by simu-calculated the two-particle contribution to the entropy at dif-
lation is the triplet correlation functiofl:?® In the case of ferenttemperatures. Contributions to the entropy from higher
water, site—site triplet correlation functions have been reorder terms in the correlation expansion are not calculated
cently obtained by computer simulatiéh. here, but their importance can be inferred by comparison of

Most of the work on orientational correlations in the pastthe two-particle result with the excess entropy of water ob-
has focused on the Kirkwood factor (the average of the tained theoretically or experimentally. The variation of the
cosine of the angle between the water dipplescause it is two-particle entropy with temperature was used to obtain an
related to the dielectric constaift:>*However, theg factor ~ estimate for the heat capacity. The effect of pressure on the
is not abona fidemeasure of orientational correlations; i.e., orientational correlations and the entropy was also studied.
its value does not reflect the extent to which molecular oriInterestingly, it was found that an increase in pressdes-
entations are correlatédee below. Recently, Svishchev and sity) leads to a decrease in orientational correlations and the
Kusalik have used simulations to calculate the anisotropi¢nagnitude of the orientational entropy. The results are pre-
distribution of the oxygen atom of one water moleculesented in Sec. IV and a discussion of the present approach is
around a central water molecule and obtained insights intg@iven in Sec. V.
the nontetrahedral coordination in liquid watéf> This pro-
vujes u:?‘eful information, but it involves an average over thql_ THEORY AND METHODS
orientations of the second molecule and, therefore, is still not
the full PCF. The importance of the full PCF has been re- The entropy of a fluid can be expressed as a sum of
cently emphasized by Soper, who developed a method fantegrals over multiparticle correlation functiofis!’ For a
the calculation of the smoothest possible PCF that would benolecular fluid? this expression is
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g 1 op ) ) ) ) To evaluate the two-particle term for liquid water we
s=s'-5 kg2 f [g? Ing?—g?+1]dr do separate it into a translational and an orientational contribu-
tion. This means that the pair correlation function is written
1 p?
I (3) (3)_(3) (2)y(2)
L j (g7 In 69" ~g™+30g 9(r,w?)=g"(Ng(w?r), 3
—3g@+1]dr? do®---- (2)  where, for notational simplicity, we dropped the superscript

(2) from the pair correlation function. The first factor is the
where k is Boltzmann’s constan is the number density of radial distribution functionfRDF) for some arbitrary site in
the fluid, andQ the integral over the Euler angles of one the moleculedin the case of water we take that to be the
molecule(872 for nonlinear moleculdsin Eq.(2) w denotes  0Xygen atony i.e.,
the orientational variables (()zf)one molecule antthe gelative
position of two moleculesy'<’ is a function of ¢,w?), i.e., 1
the relative position of the two molecules and their orienta- g'(r)= 02 f 9(r,0*)dw? “)
tions.g® and 8g® are a function of (2,w°), i.e., the rela-
tive position of two molecules from a third and the orienta-and the second factag(w?|r), is the conditional distribution
tions of the three molecules. This expression can be applieflinction for the relative orientation of the two molecules
in both the canonical and grand canonical ensenfi@se  given that the distance is We refer to this function as the
difference between the two ensembles is in the asymptotiorientational distribution functiofODF). It is normalized
behavior of the correlation functions. They go to unity in thesuch that
grand canonical ensemble and t& O(1/N) in the canonical
ensemble. The first terms!?, is the entropy of an ideal gas at 1
the same temperature and density, which is an upper limitto 52 f [9(w?|r)dw?=1. ()
the entropy. The value of the ideal gas contribution for liquid

water at 300 K and 1 atmosphere pressure is 30.8 e.u. Of thi§y substituting Eq(3) into Eq.(2) and using the normaliza-

10.5 e.g. is rotational entropy and 20.3 e.u. is. translationafon condition, Eq.(5), the two particle entropy can be di-
entropy” The second term accounts for correlations betweeRjqeqd into a translational and an orientational part

two particles, the third term for correlations among three
particles and so on. S(z)zsgz) +ng> (6)
Equation (2) provides a physical interpretation of the rans - wor
entropy of a fluid. The more the particles are correlated in
their positions and orientations, the lower the entropy will
be. In the two particle term, the{(g+1) component ac- 1
counts for the excluded volume (—;-ffec.t and th(_a Iogquthmm Sﬁfa)ns:_i kpf [g"()In g"(r)—g'(r)+1]dr @
component for the “order” that exists in the fluid. This can
be seen by considering a “structureless” fluid wighequal
to 1 everywhere except within the hard cdrecdiameter of
particles. This is the result for a hard sphere fluid in the low
density Iimit. Theg Ing term in this case is zero and the ngr):pf g"(r)S°(r)dr @)
only contribution to the entropy comes from the ¢+ 1)
term. A correlation function that is highly structured such as
that expected for wat.e., with high and narrow peaks and With
low valleys, is indicative of a more ordered system and
tends to give an excess entropy that is more negative than
that of a system with a smoother correlation function. For
example, the excess entropy of liquid water is abelit e.u.
(1 e.u=1 cal/mol K whereas the excess entropy of the The above decomposition is exact, though so far it is purely
Lennard-Jones fluid at similar density is abet e.u?’ formal. The translational contribution arises from restriction
In simple hard sphere and Lennard-Jones fluids it wasf the radial distance between molecules and the orienta-
found that the two particle term in the entropy expansiontional contribution from the restriction of the relative orien-
accounts for 85%—95% of the total excess entropy by comtation of the molecules in the liquid.
parison with experimental and theoretical estimates of the The translational excess entropy can be evaluated
entropy*24>4'The two particle term has not yet been calcu- straightforwardly using the oxygen—oxygen correlation func-
lated for pure molecular fluids, although it has been estition obtained from either experiment or simulations. In this
mated for atomic solvation in waté#>3 In the latter work, work we concentrate on the orientational contribution to the
only solute-water orientational correlations were consideredexcess entropy for which the ODF in E®) is needed. We
which are much easier to obtain because for spherically symestimate the ODF by using the results of calculations of an
metric solutes they are a function of only two angles. isolated TIP4P dimer in the gas phaav density limi) and

here, by definition

and

1 1
Sor(r)=—§k97jg(w2|r)ln g(?|r)dw?. 9)
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tancer. [A 6° interval gives a value for the orientationally

averaged interaction ener@isee Eq(14) below] differing in
K4 the fourth decimal point at=2.8 A]. In doing so we can
take advantage of the symmetriesgnFirst, the two mol-
ecules are interchangeable, so we can integiafeom O to
7 and 6, from 6, to 7. Second, theC,, symmetry of the
water molecule allows us to integratg and y, only from O
to «. Finally, becauseg(¢,x1,x2)= 9Q2m—d,7—x1,
T—X»), We can integrateb only from 0 to 180.

To determine the interaction between térayid) water
molecules we use the TIP4P mod®lyhich is a refinement
FIG. 1. The five angles defining the relative orientation between two wateiof the four-center water model proposed by Bernal and
molecules. They are defined in terms of the following unit vectors:gos - Fowler! The TIP4P interaction potential has the form
=0;D; - 0,0,; cos#,=0,D,-0,0;; cosp=(0,0,X0,D,)-(0,D,X0,0,);
cos x;=Hy1H1, (0,0,X0;D,); €08 x,=HyiHp (0;D,X0,0,); H11 is taken

12 6
to be the hydrogen of 1 closest to O2 and similarly for H21. The configu- u=4 g |9 giq; (13)
ration shown corresponds to the global energy minimum for the TIP4P o€ oo oo T ery;
dimer, observed at=2.75 A and §,=52°, 6,=135°, $=180°, x;=90°, !
X2=0°.
wherer;; are interatomic distancesy; the partial charges,

and e is a dielectric constante=1). The Lennard-Jones pa-
Monte Carlo simulations of liquid water. In the results sec-rameters arer=3.153 65 A ande=0.155 kcal/mol. The par-
tion (Sec. I1)) we give both the translational and orientational tia| charges are-0.52 for the hydrogen atoms anrel.04 for

contributions. the center of negative charge located at a distance of 0.15 A
from the oxygen atom along the HOH angle bisector; the OH
A. Gas phase calculations bond length is 0.9572 A and the HOH angle is 104.52°. In

The five angles that define the relative orientation of twothIs equation the energy is expressed in term§ of atom-—atom
distances. Consequently, to calculate the integral of the

water molecules are shown in Fig.&.and 6, are the angles ‘
between the dipole vector of each molecule and the intermoz01t2Mann factor we need to transform from the five angles
lecular axis,é (equal to the difference of the two Euler to a Cartesian coordinate system, which is computationally
' . . . the most expensive task.

angles¢,—¢,) describes rotation around the intermolecular The orientationally averaged interaction enerav as a
axis, andy, and y, describe the rotation of each water mol- . ientat y averaged Ir : ay
ecule around its dipole vector. The anglésand 6, vary functu_Jn ofr in the low density limit is calculated from the
from 0 to 7r and the other angles from 0 ter2The definition equation
of the angles is given in the legend of Fig. 1.

The pair correlation function in the gas phase in the low

1
or, — 2 2 2
density limit is** U= g2 jg(m [Hu(r,w®)de

g(r,0®)=exg — pu(r,»?)], (10 T u(r,w?)exd — Bu(r,w?)]do? 10
whereB=1/kT andu(r,»?) is the interaction energy. When - [ exd—Bu(r,0®)]dw?
we factorg(r,w?) according to Eq(3) in the low density
limit, the RDF is B. Monte Carlo simulations
g'(r)= iz f exd — Bu(r,w?)]dw? (12) Monte Carlo simulations of pure water were performed
Q with the progranBsoss version 2.8° at temperatures from 5
and the ODE is to 65 °C and constant pressure of 1 atm. Simulations were

02 exf — Bu(r, 2] also performed at 25 °C and 10000 atm. 216 TIP4P water
XA — BuU(r,w

20) — 12 molecules in a cubic box were simulated starting from an
g(w |r) _ 2 d 2 ( ) - .
J exd - Bu(r,0)]dw equilibrated box of TIP4P molecules. A spherical cutoff of
Where 8.5 A was used, quadratically switched off from 8 A. Equili-

bration lasted at least 1 million configurations and the distri-
bution functions were calculated over 10 million configura-
tions. The results from four segments of 2.5 million
configurations each were used to estimate the statistical er-
ZZWJ sin 6; d6; sin 6, d6, d¢ dy; dx,. ror. Uncertainties due to the approximations for the ODF are
expected to be significantly larger. However, they are diffi-
To calculateg(w?|r) we need to perform the integration of cult to estimate. The program was modified to obtain the 1
the Boltzmann factor over all relative orientations. We doand 2 marginal orientational distribution functions. The
that by varying all five angles at 10° intervals for each dis-marginal distribution functior’§ are defined as the probabil-

f d(l)zzf Sin 01 dGl Sin 02 d02 dd)l d¢2 Xm dXZ
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molecules at a given distance regardless of their orientation

2.8 (i.e., the orientational average is done implicitly by the simu-
] lation). In terms of the orientationally averaged interaction
2.4 1 . !
] energy, the excess molar energy of the fluid can be written
2.0 1
] 1p 2 2y a2
~161 e_iﬁ f g(r,o)u(r,w)dw” dr
5 |
1.2 1 ; or
] =3P g'(r)u°(r)dr. (18
0.8
1 The molar enthalpy can be obtained by adding the kinetic
°-4j energy contribution and the PV term, the latter being negli-
P T P gible for a liquid at ambient pressure.

10 20 30 40 50 60 70 80 It has been reported that the truncation of the long range
r(A) interactions in simulations of water significantly affects ori-
entational correlations at short range® but the cutoffs
FIG. 2. Oxygoen—oxygen radial distribution function at 25 °C, 1 &solid which proved inadequate in these studies were very short
line) and 25 °C, 10000 atrtdashed ling: (less or equal to 6 A To check the effect of the spherical
cutoff used, the orientationally averaged pair interaction was
also obtained from a simulation of 512 molecules with a
ity distributions of one angle or the joint probability distri- cutoff of 11.5 A. The difference in the two calculations was

butions of two angles regardless of the value of the remaincomparable to the statistical uncertaifig0.2 kcal/mol at all

ing angles; i.e., distances
i g(w2|r)dwj¢i The proposed appro>.<imations.to the QDF qf qul_Jid _watgr
g(wi|r) = T T deo, (15 can be checked for consistency with the site—site distribution
@i functions obtained directly from the simulation. The site—site
and distribution functions result from integration of the molecu-
lar PCP
o, w-|r)=f g(w?r)dwyi | (16)
b il dwk#i,j

1

Gap(r)= 0z f 9(R12:w2)5(Ra,8(R121602)_r)dwz dRyy,
They can be thought of as projections of the full ODF onto (19
one or two dimensions. Here, or w; denote any one of the
angles describing the relative orientation of two moleculegvhere a,3 are sites on the molecul®, is the vector be-
(i#]), anddwy; ; represents the integration over all anglestween two molecular centers, aftl; is the vector between
other thanw; or w; . At each step, for every pair of molecules two sitesa and 8. In terms of scalar distances
at a mutual distance of 5.6 &he second minimum of the

1
radial distribution functiopor less, the angleél,62,¢,x1,x2 Amr2g,p(r)= oz f 47RZG(Ryp,0?)
(see Fig. 1were calculated and the distributiogéw;|r) and
0(w; ,wj|r) for all anglesw;,w;, (i,j=1,5 andi#j) were ><5(Ra,3(R12,w2)—f)dw2 dRy,,  (20)

accumulated at 10° intervals. These orientational distribu-
tions were calculated for three rangesrofsee Fig. 2 the where we have used for an§ that
first subshell of the first neighbor shéli<2.8 A), the sec-
ond subshell of the first neighbor shé.8<r<3.4 A), and j X5(Raﬁ_r)dR12:J’ X8(Ryp—r)dRyf4mr?. (21)
the second neighbor shelB.4<r<5.6 A). This choice al-
lows a reliable calculation of the orientational distributions
in a reasonable amount of computer tirfi® million con-
figurationg. At 25 °C the orientational distributions were
also calculated at finer distance resolution, over regions of
0.2 A. For these calculations, sampling of 70 million con-
figurations was necessary. Ill. APPROXIMATIONS FOR THE PAIR CORRELATION
Similar simulationg1 million configurations eaghvere FUNCTION
used to calculate the orientationally averaged interaction en- The basic assumption of the present approximations for
ergy between two water molecules as a function of distanceéne PCF is that the orientational distribution function in lig-
1 uid water and its low-density gas-phase counterpart have
U°r(r)=§ f g(@?r)u(r,w?)dew?. (17)  similar structure; i.e., they are both expected to exhibit
maxima at orientations permitting hydrogen bonding and
This quantity is straightforward to obtain from the simulation minima at repulsive configurations. In the liquid the orienta-
since it is the average interaction energy between two wateional distribution should be “smoother” because of the

The OH and HH distribution functions are obtained by per-
forming the above integration numerically using the two pro-
posed approximations faj(R;, %) and compared to those
btained directly by simulation.

J. Chem. Phys., Vol. 105, No. 10, 8 September 1996

Downloaded-30-Jan-2005-t0-128.103.60.225.-Redistribution-subject-to-AlP-license-or-copyright,~see-http://jcp.aip.org/jcp/copyright.jsp



T. Lazaridis and M. Karplus: Orientational correlations and entropy in water 4299

5 ] 0.5
-0.5 A
© 0- .
= S 1.5
= ()]
() -
g S
= 2] H 251
-3.5
-4
-45 -
1.5 2.5 3.5 45 55 6.5 7.5 8.5 15 2.5 3.5 4.5 55 6.5 7.5 8.5
r(A) r(A)

FIG. 3. (a) Orientationally averaged interaction energy in the @adid line) FIG. 4. Orientational entropy integrand in the gaslid line) and in the
and in the liquid(dashed ling (b) Orientationally averaged interaction in AGP approximation for the liquiddashed ling
the AGP approximatior(solid line) compared to the exact one from the
simulation(dashed ling Curves(b) have been shifted by 2 kcal/mol along
they axis for clarity. All results at 25 °C, 1 atm, unless noted otherwise.
from the fact that in the liquid water molecules can experi-

ence favorable interactions at many more orientations than in

the gas phase, where they have only one partner. The orien-

presence'of other water molecules in the surroundings. .Thﬁ)tional entropy integrand®(r), in the gas is given by the
low density gas-pha_se OD'.: was ca_lculated as describeghq jine in Fig. 4. Its magnitude as a function of distance is
above for the TIP4P interaction potential. The TIP4P modegeen to decrease asymptotically to zero.

is an effective pairwise potential_n_wear_lt to represent water in In 1972 Ben-Naim and Stilling&% considered the fol-
the c_ond_ensed phase and implicitly |nclud_e§ the effects Olfowing approximation to the PCF of water:
polarization and many-body forces. Thus, it is more appro-
priate for our purposes than the actual gas-phase potential.  9(r,»*) =y(r)exq — Bu(r,»?)], (22
We first study the TIP4P dimer and calculate its orien-,ere
tationally averaged energy and orientational entropy as a
function of distance. Thed and & orientational marginal y(r)=g"(r)/lim g'(r)
distribution functiongsee Sec. )lare calculated at a number p—0
of distances and compared to those calculated in the liquidnd g"(r) is the experimentally determined liquid phase
by simulation. This work is presented in Sec. Ill A. RDF. This approximation is equivalent to using the liquid
Factorization of the ODF into products oflanarginals RDF and assuming, in our notation, that the ODF of the
is considered in Sec. Ill B. Several factorizations are empiridiquid is identical to the low-density gas-phase ODF. With
cally tested by applying them to the gas phase ODF. It ishis approximation, they calculated the Kirkwoggfactof!
assumed that factorizations which work well in the gas phase
will work in the liquid. g=1+ iz f cos 0g(r,w?)dr dw?
A different approach is explored in Sec. Ill C. The gas- Q
phase ODF is first uniformly smoothed in order to reproduce

the calculated orientationally averaged interaction in the lig- = 1+pJ (cos #),g'(r)dr, (23
uid and then adjusted to bring it in agreement with the cal-
culated liquid-phase marginals. whered is the angle between the dipole vectors of two water

molecules|[This angle does not correspond to any of the five
angles defined here but it is a functiondf 6,, and¢.] This
factor was found to be smaller than the value expected from
The calculated orientationally averaged energy in the gathe experimental dielectric constant of wat&r94 compared
is shown in Fig. 8 and compared to the orientationally to the experimental value of 2.9They took this to mean that
averaged energy in the liquid obtained by simulation. Bothorientational correlations in the liquid are actually stronger
refer to a temperature of 25 °C, but similar results were obthan in the gas, presumably due to the tetrahedral packing in
tained at all temperatures. Overall, the interaction in the gathe condensed phase. This conclusion seems to contradict the
is stronger and falls off more slowly with distance, as ex-statement made above based on the orientationally averaged
pected. The largest difference is observed between 2.7 aridteraction. The reason is that the Kirkwood facty is a
4.5 A. This includes the peak of the RDF, the first minimummeasure of correlations between the water dipoles, i.e., it is a
and part of the second maximufeee Fig. 2. Overall, the rather restricted measure of orientational correlation. The ori-
ODF is more *“structured” in the gas phase. This resultsentational distribution may seem more or less structured de-

A. The low-density limit and comparison with the
liquid
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5.0
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FIG. 5. The distribution functiorg(6) in the gas(solid ling) and in the  FIG. 7. The distribution functiomy(¢) in the gas(solid line) and in the
liquid (dashed ling (a) r=2.8 A in the gasr<2.8 A in the liquid (b) liquid (dashed ling (a), (b), and(c) as in Fig. 5. Curvega) and (b) have
r=32 Ain the gas, 28r=3.4 Ain the liquid(c) r=4.5 A in the gas,  been shifted along the axis by 2.5 and 1, respectively.
3.4<r=<5.6 A in the liquid. Curvega) and(b) have been shifted along the
y axis by 2 and 1, respectively.

the hydrogen bond acceptor configuration. Thus, although

. . ) ) o i the global minimum energy configuratidRig. 1) occurs for
pending on which features or which slice of it is being ex- 9,=52°, 6,=135°, the most probable value 6§ turns out to

amined. The comparison of the marginal distributions_ be|OV\be closer to 180° when the thermal average over all configu-
suggests a reason why the gas phase ODF underes'('9?<""tesrations, is taken. In the liquid, the hydrogen bond donor peak

despite the fact that it is more structured in an overall senseg slightly enhanced and the hydrogen bond acceptor maxi-

Knowing the ODF in the gas phase, we can calculate the, " shifts to about 140°, which corresponds to almost tet-
1d and 24 marginals using Eq915) and (16). These mar-

n th? liquid by S|mu_lat|qn: 2.8, 3.2, and 4.5 A. Thal 1 the liquid and it is not intrinsic to the TIP4P potentiaee
marginals are shown in Figs. 5, 6, and 7 and compared to thQso, Ref. 34 The ST2 model, which has explicit lone pair
qorresp_ondi_ng dist_ributions from the liquid simulations. All sites, exhibits tetrahedral preferences in the isolated difmer.
figures in this sectlon.ref_er t_o a_temperature of 25 °C. The y distribution at 2.8 AFig. 6@)] is also very similar

. The 66, or 6,) d|str|bgt|on in the gas phase at 2.8 Ao in the gas and in the liquid but it is more structured in the
[Fig. S(@)] shows two maxima: a narrow one at about 50°jiq.jig. The reason for this is the tetrahedrality at the hydro-

corresponding to the tetrahedral hydroge? bond donor conyeny acceptor configuration induced by the liquid structure.
figuration, and a broader maximum at 180°, corresponding % he values 0°(1809 and 90° for y are strongly preferred

when 8, and 6, have their tetrahedral valudsee Fig. 1
Thus increase in the probability of the tetrahedfalalues,
[Fig. 5@)] leads to an increase in the probability of 0° and
90° for y.

The most dramatic qualitative difference between gas
and liquid is seen in the distribution[Fig. 7(a)]. In the gas
there is clear preference for antiparallel configurati¢es
=1809. In the liquid this preference is eliminated and the
distribution is essentially flat. This is due to the existence of
other water molecules around the central pair which obviate
any necessity for the antiparallel arrangement. This change
in the ¢ distribution is consistent with the observation of
Ben-Naim and Stillingéf mentioned above that thg, fac-
tor from the gas phase ODF is lower than the experimental
value, since a decrease in antiparallel dipole configurations
leads to an increase in the valuegyf. [This can be verified
by evaluating the integral in Eq23) using the gas-phase
FIG. 6. The distribution functiog(x) in the gas(solid line) and in the ODF and the approximations to the liquid phase ODF pre-

liquid (dashed ling (a), (b), and(c) as in Fig. 5. Curvesa) and (b) have sented .bemVQ- This iS. an example of hOW decreasein
been shifted along the axis by 2 and 1, respectively. correlations leads to aincreasein g,, which shows thag,

ax)

0 40 80 120 160
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is not a reliable measure of the extent of orientational correflatness with respect t¢ and the small enhancement of tet-
lations in liquid water. rahedrality at the donor configuration in the latter. Other than

Figures 5b), 6(b), and Tb) show the H marginals in the that, the distributions are very similar. The flatness of the
gas atr=3.2 A and in the liquid between 2.8 and 3.4 A. orientational distribution with respect this very convenient
They are similar to those in the first subshell, only somewhabecause it reduces by one the number of degrees of freedom
flatter. Figures &), 6(c), and 7c) show the H marginals in that need to be considered; i.eg(6:,6,,é,x1,x2|r)
gas at 4.5 A and in the liquid in the second neighbor shelkconst g(6,,6.,x1,x2|r). Of course, flatness of thedl
(3.4 t0 5.6 A\. The distributions are almost flat in this region and 20 marginals with respect t¢p does not prove that the
in the liquid except for a slight reversal of preferenceg,p  higher dimensionality marginals are flat with respecitas
between gas phase and liquid. This reversal is probably dugell. However, it is a reasonable assumption.
to the fact that the correlation between two water molecules  The calculations of the above marginals as a function of
in that range of distances is “direct’” in the gas phaser at a resolution of 0.2 A showed that the decay of the ori-
whereas it is “indirect” (through hydrogen bonding to an entational correlations with distance is smooth. As an ex-
intervening water moleculdn the liquid. In the distribu-  ample, theé marginal is shown in Fig. 10 up to=3.7 A.
tion there is a preference for small valuesgoparallel con-  The smooth decay of the correlations suggests that taking
figurations in the liquid. averages over ranges ofis appropriate; i.e., it does not

For the 21 marginals, we show only the results in the introduce errors because of the slow variation in the orienta-
first subshell of the first neighbor shell. The distributions intional preferences as a function of distance. The situation is,
the second subshell are similar to those in the first subshelnowever, more complex for higher dimensionality distribu-
only less pronounced. In the second neighbor shell the orition functions, where inversion of the positions of the
entational correlations are very weak. Thed, distribution ~ Maxima and minima with distance have been obsetved.
in the first subshell in the liquid is shown in Fig(&. The
distribution is symmetric around the diagonal due to symme-
try with respect to particle interchange. The maximum of theg Eactorizations of the orientational distribution
distribution is at abou¢50°,1509 corresponding to one mol-
ecule acting as a hydrogen-bond donor and the other as an To find factorization schemes for use in estimating the
acceptor. The distribution in the gdsot shown is very ODF of the liquid, we employ the gas-phase results as a test
similar, only the peaks are somewhat higliére value is  Case. The factorizations are applied to estimate the gas-phase
11.74 vs 7.88 in the liquid ODF from the gas-phasedland 2 marginals and the results

The (6,,x,) distribution is shown in Fig. ®). The main  for U and S are compared with the exact results. In de-
maximum is aty=90°,6=55° (g= 15.5), which corresponds vising factorization schemes for the ODF in terms of the
to the molecule acting as a hydrogen-bond donor. There is @argina}l distribution .functions we bear in mind the f_oIIow—
very weak secondary maximum @t125°y=0° (g=3.14), ing desirable properties for the. approximate expressi@)s:
which corresponds to the molecule acting as an acceptor in g€y must satisfy the symmetries gf«?|r), (b) they must
tetrahedral arrangement. In the gas, again, the distribution @& goodU®" andS” when applied to the low-density limit,
very similar (not shown, except for the lack of tetrahedral and (c) they must be self'—con3|stent, i.e., the marginals cal-
preference for the acceptor configuration. Figufb)8s in ~ culated from the approximate ODFs must be equal to the
good qualitative agreement with Fig. 5 of Ref. @de angle  ©riginal marginals used as input.
¢ in that work is equivalent to oug;—90°). Quantitative
differences are probably due to the difference in the Waterl Sit » mati
model used in the two studi¢SPC/E vs TIP4P - Slte superposition approximation

The 6,,x distribution is shown in Fig. @). The maxima One proposed factorization scheme for the molecular
are at§=55°,,=0° (donop and 6=150°x=90° (acceptor.  pair correlation function is the site superposition approxima-
The two maxima have approximately equal heifit7.60,  tion (SSA® given by the equation
7.69. The x;,x- distribution is shown in Fig. @). Maxima
occur aty;=90°,x,=180° or vice versa. Again, one corre- g(w?r)= ap9ap (24)
sponds to a donor and the other to an acceptor configuration. (I yp9ap)’

The (6,¢) and(¢,y) distributions are shown in Fig. 9. In
the liquid, both of these @ marginals are essentially parallel
lines, i.e.,g(¢,a)=constg(«), wherea is y or 6. In the gas
these marginals look very differeffigs. 9b) and 9d)] be- 1 5
cause there is preference for antiparalleValues(see Fig. <la_£ 9a5> 02 f lal Oqop do (25
7). However, even in the gas, the coupling betwegeand
the other variables is relatively weak, i.e., {tap) and(,x) andg,z are site—sitdradial) correlation functions. This ap-
marginals are almost a superposition of the corresponding 1proximation was found to be qualitatively correct in diatomic
marginals. hard sphere and Lennard-Jones fitiff but was unsatisfac-

In summary, the major differences between the distributory in atomic fluids with quadrupolar interactioffs.
tions in the gas and in the liquid for nearest neighbors are the To apply the SSA to water we used

where the denominator denotes an unweighted average over
orientations
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FIG. 9. Marginal distribution functions involving: (a) g( ¢, x) for the liquid in the first subshelk<2.8 A), (b) g(¢,x) in the gas at=2.8 A, (c) (6, ¢)
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FIG. 10. The decay af( #) with distance in the liquida) r=2.5-2.7 A (b)
r=27-29A,(c)r=29-31A,(d) r=3.1-33 A, (e r=3.3-3.5 A ()
r=3.5—-3.7 A. The curves have been shifted alongyttexis for clarity.

1;/[3 9ap=90,H,,90,H,,90,H,,90,H,,.9H, H,,IH, H,,

X OH,H, IH o (26)

With this approximation we first calculated the orienta-
tionally averaged interaction in the liquid as a function of
distance using Eq14) with Egs. (24), (25), and(26). The
results were poor. For exampld?® at 2.8 A was calculated
to be 2.73 kcal/mol instead of the correct valud.15 kcal/
mol. We also calculateddlL and 201 marginal orientational
distribution functions at 2.8 A and found them to be qualita-
tively incorrect. For example, Fig. 11 shows the joint prob-
ability of 6, and 6,. It is very different from the correct
distribution in Fig. &a).

2. Products of marginal distributions

Another simple factorization is to assume that the ODF
is equal to the product of thedlmarginals

g(w2|r>=H g(wi|r). 27)

Clearly, this would be exact if the angles were uncorrelated.
This scheme cannot work because sevedairiarginals have
very different structure than the product of theat tnargin-
als at nearest neighbor distanosge Figs. 8-0 For ex-
ample,g(6,) 9(0,) has a strong maximum &55,55 but
g(#6,,0,) does not.

An improved approximation is expected from products

The site—site correlation functions for liquid TIP4P were ob-of the 2d marginals. In deciding the form of these products it
tained from the MC simulations and are essentially identicals instructive to examine all @ marginals and identify the
to those previously publishéd. ones which exhibit strong correlations, i.e., the ones that can-

9(61,62), SSA
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FIG. 11. g(6,,6,) from the site superposition approximationrat2.8 A.
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TABLE I. A few of the factorizations tested.

9(01102!¢1X11X2):

F1 g(01,60,) 9(x1.x2) 9(9)

F2 9(01,02) 9(x1.x2) 9(01.x2) 9(02,x1) 9(P)

F3 g(601,60,) 9(01,x1) 9(62,x2) 9($)/a(6:) 9(6-)
F4 9(x1.x2) 9(01.x1) 9(62.x2) 9(#)/9(x1) 9(x2)
F5 9(601,62) 9(01.x2) 9(02.x1) 9(#)/9(61) 9(62)
F6 9(x1.x2) 9(01.x2) 9(02.x1) 9(#)/9(x1) 9(x2)
F7 9(601,02) 9(x1.x2) 9(01,x2) 9(02.x1) 9($)/9(61) 9(02)9(x1) 9I(x2)
F8 9(601,605) 9(01,¢) 9(61,x1) 9(01,x2) 9(62,4) 9(62,x1) 9(62,x2)

9(e.x1) 9(d.x2) 9(x1.x2)/9(01)° 9(62)° ()% a(x1)® 9(x2)?

not be represented by the product of their harginals. The From Table Il we see thdtl, F4, F6 are clearly inad-
functionsg(61,6,), 9(x1.x2), andg(#é,,x,) belong to this equate and thaE3 andF5 are betterF2 predicts energies
category. In contrast, the marginals involvingh  and entropies that are somewhat too large and also has a very
[9(¢.x).9(#,6)] and the marginalg(6y,x,) are qualita-  high MSD value. It should be noted also that it does not have
tively similar to the product of theird marginals. This SUg- e correct behavior in the limit when the angles are uncor-

gests thag(el.’ QZ)’ .g(Xl’XZ) an.dg(.ol'XZ) should be rep- related. It is interesting that even with such a high MSD, the
resented explicitly in the factorization, whereascould be ) . L
error in the energies and entropies is not very large. The

represented by itsd.marginal(which in the liquid is flat, as o )
shown above reason for the overestimation of the magnitude of the ener-

A number of such factorizations is shown in Table |. 9ies and entropies bly2 is that in this factorization each of
About 35 other factorizations were testgutoducts of four the 4 anglest;,6,,x;,x, appears twice and this makes the
or five 2d marginal$ but they are not reported since they factored ODF too structured. IR7 this is remedied by di-
were similar or inferior in performance to those in Table I. viding by the four ™ marginals.F7 gives good results for
We can determine the quality of each factorization by applythe energy and entropy, although they are somewhat smaller
ing it to the gas phase TIP4P dimer. Table Il shows then magnitude than the correct values. In addition, the MSD
results for the orientationally averaged energy, the orientagy|ye s satisfactory, although not the smallest in the table. It
tional entropy mtgxggancasp‘:r,oaznd the mean square deviation ig ,ssiple to identify other factorizations that will give bet-
[MSD=(IN)Z(g™**g )°] between the true and the ter results for the energy or the entropy individudbyg.,F2

approximate distribution. The functiog®® is calculated A .
from Eq. (12). It is used to obtain thed and i marginals, for the energy, but it is difficult to find ones that work well

Egs. (15) and (16). The functiong®™ is obtained by the for both.F8 is a superpositionlike approximation, consisting
factorizations in Table I, normalized to satisfy B&). We  ©Of all possible pairs of @ marginal distributions. Compared
do the calculation for=2.8 and 3.2 A. In addition, we 10 F7, it gives better results for the energy, worse results for
evaluate the ODF using a distance dependent dielectrithe entropy, and higher MSD for dielectric equal to 1. Since
(e=r)%for the electrostatic interactions of the TIP4P poten-entropy is of primary interest in this work and due to its
tial [Eq. (13)] to test the robustness of the factorizations.simplicity, F7 was chosen for application to liquid water.
This provides a check as to whether the factorizations would  For F7 we recalculated all d and 2 marginals[Egs.
perform similarly fo'r a potential that gpproxilma'tes Some as{15) and(16) but with the approximatg under the integral
pects of ”:e potential of mean force in the liquid. The exact,j found them to be in almost quantitative agreement with
U andS™ are also given in the table. the original marginalgresults not shown ThusF7 is self-
consistent and we conclude that it is a reasonable approxi-
TABLE Il. Performance of the factorizations in the gas. mation. Since the structure of the ODF is similar in the gas
and in the liquid, this factorization should be reasonable for
the liquid ODF, and it is used in Sec. IV B for liquid water.
—-U% -8 MSD -U” -8 MSD -U* -S" MSD |tjs likely that, since this factorization underestimates some-
Exact 4.89 2.73 344 1.83 652 3.49 what the magnitude of the energy and entropy in the(bgs
E; i-gg é-gg 22-; i-ifli ;-ig é-gé 2-23 i-gé ég-g about 13% and 5%, respectivghyt will also do so in the
F3 350 213 317 263 136 118 609 326 260 liquid. As one Fest qf th|§ a-pprgmmatmn., we calculated the
F4 0.22 1.65 555 0.64 084 240 0.14 2.88 6.44 OH and HH site—site distribution functions frof7 and
F5 3589 223 365 280 144 131 593 320 549 compared them to those obtained directly from the Monte
F6 205 175 534 137 091 230 344 282 8.09 carlg simulation[Figs. 12a) and 12b)]. There is satisfac-
F7 427 262 615 298 166 203 622 354 9 o
£8 495 332 783 355 241 368 658 387 6a1 Oy agreement between the calculated and the exact distri-
bution functions.

r=2.8A r=32A r=28A e=r
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FIG. 13. The smoothing functios(r) used in the AGP approximation.

ing is required around the first minimum of the RDF, where
—~ 124 s takes values as high as 0.85. The assumption of uniform

I smoothing is an approximation. Packing interactions in the
5 08 - liquid state can enhance or reduce selectively the probability

of certain orientations, as found in comparison of the mar-
ginal distributions in the gas and in the liquid.

One way of adjusting the smoothed gas-phase Q&FF
in Eq. (28)] to make it consistent with the marginal distribu-
tions obtained by simulation is to use the expression

g"®P(01,0,,0,x1,x2I1)

— S
FIG. 12. Site—site correlation functions directly from the simulatisolid =097(01,62,¢,x1 rX2|r)* 69(8y, ‘92|r)

line), from factorizationF 7 (dashed ling and from the AGP approximation
(dotted line. (a) OH correlation function(b) HH correlation function. * 59()(1 'X1|r)* 5g(¢|r), (30)

(b)

where

C. Adjusted gas-phase orientational distribution 89(01,6,r)=0"(01,6,|r)/g%(6,,6,]r), (31

The second approach to obtaining the ODF in the liquidand so ong®(6,,6,|r) is the marginal orientational distribu-
is to use the gas-phase ODF as a basis and to modify it byyon obtained frong® [Eq. (28)] andg"¥(6,,6,|r) is the true
using available information from the liquid state simulations.liquid phase marginal distribution obtained from the simula-
This information includes the calculated marginal distribu-tion. With g"®" (AGP stands for adjusted gas phase can
tions in the 1st subshell, the 2nd subshell and the 2nd neiglealculate a new® and compare it with that from the simu-
bor shell and the orientationally averaged interaction energyation. ThisU® is somewhat more negative than the correct
We assume that the effect of the liquid state will be anone at short distances and less negative at longer distances
overall “smoothing” of the orientational correlation func- [see Fig. 8)]. As a result, the molar energy calculated from
tion this approximateJ)® is slightly more negative than that from
S _gas .2 the simulation. This small discrepancy ® is tolerable
9% =¥ ) +s(r(1-g™ ). 28) considering the gain of consistency with the computed mar-
The smoothing coefficiens(r) for each distance can be  ginal distributions, which should yield an improved value for
determined by requiring thag® reproduces thé&J* calcu-  the entropy that is our primary concern.
lated from the simulation. This condition leads to an equa-  We have tested the self-consistencyg6f® by calculat-
tion for s(r) of the form ing its marginals and comparing them to those obtained from
UOTr:simull— U°Tr:g%] thg simul_ation. In general,. thedland Zti ma_rginals were
s(r)= T , (29 quite similar to those obtained from simulation. Tedis-
(U)—U°Trig%] tribution is flat, as observed in the simulation. In the 2nd
where (U), is an unweighted average over orientationsshell the distributions are relatively flat and so they do not
[(1/Q2)f u(r,0?)dw?]. The functions(r) calculated with contribute much to the entropy, as is shown below. We also
Eq. (29 is shown in Fig. 13. The greatest degree of smoothcalculated the OH and HH site—site distribution functions,
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FIG. 15. Translational correlation entropy in water as a function of tempera-
which, as in the case of factorizatidiv, are in satisfactory ture.
agreement with the exact distributions from the simulation
[see Figs. 1@) and 12b)].
flected in the angular correlation function. This correlation is
lost when an average over angles is performed to obtain the
IV. RESULTS FOR THE ENTROPY AND HEAT RDF.

CAPACITY To obtain the heat capacity contributiﬁl‘éJr correspond-
The translational contribution is calculated from theing to the translational entropy, we use a least squares fit of

RDF as a function of temperature in Sec. IV A. The resultsthe results to the Taylor expansion of the translational en-

for the orientational entropy are presented in Sec. IV B fromropy around a reference temperature (Wath To=298.13

the factorization approximations, and in Sec. IV C from the Cp(To)

adjusted gas-phase approximation. Section IV D presents tH& T) — S(To)= To *(T—To)
results for high pressure.
A. Translational entropy + i{ ( dﬂ)) — _Cp(To) J *(T—To)?
2To|\ dT To '
The entropy due to correlations in the positions of the To

molecules(translational correlation entropys given by Eq. (32)
(7) and can be readily evaluated from the RDF determined i .

the simulations. The temperature dependence of the RDFri]ghe value Ofctpr is found to be 3.15 e.u. at To.
shown in Fig. 14. As the temperature increases, the RDF
becomes flatter. The results for the translational entropy as
function of temperature are shown in Fig. 15. The value a
25 °C is—3.14 e.u. For comparison, the translational entropy A number of factorizations have been applied to the cal-
in the Lennard-Jones fluid at similar density and reducedaulation of the orientational entropy in liquid water. They
temperature KT/e) equal to 1.15 is about-7 e.u?’ The include those in Table | and some others not shown. Here,
value for water is smaller due to the fact that the RDF for awe report the results for the one considered to be best overall
Lennard-Jones system exhibits stronger and longer-rangdshsed on the gas phase results, nankélyin Table I. The
oscillations than the water RDleompare Fig. 14 to Fig. 3 of behavior of the factorizations in the gas carries over to the
Ref. 47. The origin of this difference can be traced to theliquid; i.e., factorizations which give similar values for the
characteristic open structure of water. For example, the reentropy in the gas, also give similar values for the entropy in
duced height of the first peak of the RDF reflects the fact thathe liquid and those that underestimate the energy in the gas
water has fewer nearest neighbgabout 5 than simple flu- also underestimate it in the liquid. The results at 25 °C are
ids at similar density. Furthermore, the need for tetrahedragiven in Table IIl.

arrangement of the molecules cannot be accommodated by Figure 16 shows the calculated energy frém and the

the layerlike packing which gives rise to the second andexact energy from the simulation as a function of tempera-
higher peaks in the RDF of simple fluids. Thus, in terms ofture. The factorization underestimates the magnitude of the
radial correlations, water is less structured than a Lennardenergy by 16%, which is consistent with the fact that it un-
Jones liquid. The highly structured nature of water is re-derestimates the magnitude of the energy in the gas by a

. Orientational entropy from factorizations
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TABLE IIl. Results for the energy, entropy, and heat capacity of liquid water at Z$°C.

FactorizationF7 AGP

Excess energy, simulation —10.0,—10.1°
Excess energyg(r,) —8.3+0.25 —10.1+0.20
Translational d entropy —3.14+0.02
Orientational D entropy —9.1+0.20 —11.7+0.15
Total 2p entropy —12.2+0.20 —14.8+0.15
Excess entropy of TIP4P, simulation —15.2
Excess entropy of water, experimental -14.1
Excess Cp from energy, simulation 17.1 16.3
Excess Cp from energg(r,w) 15.8 19.2
Excess Cp from @ entropy

Translational 3.15

Orientational 13.8 15.7

Total 17.0 18.9
Excess Cp of watefexp) 12.0

8Energies in kcal/mol, entropies, and heat capacities in cal/mel.&).
bUncertainties pertain to statistical error for the marginal distribution functions obtained by simulation.
“Two different sets of simulations.

similar amount. The slope of the two lines is very similar. A The orientational entropy is calculated from E(®.and
least squares fit to the Taylor expansion of the energy aroun@®). The ODF needed in Eq9) is approximated by the fac-

To=298.15 K torizations of Table | using the marginal distributions ob-
1 {dCp tained from the MC simulations. These are calculated over
E(T)—E(To)=Cp(To)*(T—To) + > F) *(T—To)? three discrete regions of(see Sec. )| and an average value

33 of S° within these regions is obtained. Figure 17 shows the
calculated orientational entropy frof7 as a function of
gives Cp=17.1 from the simulation data and €E@5.8 from  temperature. At 25 °C the value is9.1 e.u., which, when
the factorization at Te298.15 K. added to the translational entropy3.14 e.u) gives —12.24
It is possible to identify factorizations that give essen-g \; The excess entropy of TIP4P water extracted from free

tially the exact energy in the gas phdseg.,F2 in Table I}, onergy simulations by subtracting the molar energy from the
and which would perform better in the liquid, if we relaxed xcess chemical potential is15.2 e.(f® and is close to the

the requirement that the same factorization also perform wel xperimental value, which is-14.1 .. We note that the

for the entropy. Since this factorization is otherwise not as

eX_a_ oidy ; _ ! _
good asF7, the result for the energy is apparently due to aexcess entropys “=s—s") s related to Ben-Naim's solva

fortuitous cancellation of error. “SX” eftropy AS*(_a/’L/&T). through  the equation
s¥=AS* —k(1—-Ta), wherea is the thermal expansion co-
efficient. The difference is due to the fact that
1 oWYoT=s"—Kk(1-Ta).
The contribution of the orientational entropy to the heat
° capacity is 13.8 e.u. which when added to the translational
L entropy contribution gives 17 e.u. This value is within statis-
° tical uncertainty of the value obtained from the variation of
L] the energy with temperatufé&5.8 e.u., see aboyeThus, the
approach is thermodynamically consistent. Addition of the
ideal contribution (&) gives a total calculated heat capacity
o of 23 e.u. The experimental value for water is 18 e.u. Part of
o} the discrepancy can be eliminated by including a quantum
o correction for Cp(about—2.2 e.u).”®
Equation(8) allows a decomposition of the orientational
entropy into contributions from different regions afAt all
temperatures, the major contribution to the orientational en-
7 - - g tropy comes from the first neighbor shéfi3%), which re-
0 20 40 60 80 flects the fact that orientational correlations are strongest in
T¢O this shell. In this section we have neglected any contributions
. . _ _ to the orientational entropy from beyond the second shell.
FIG. 16. Excess molar energy in the liquid from the simulatifiied W . . .
circles and from factorizatior-7 (empty circle$ as a function of tempera- These contributions are calculated in the AGP approximation
ture. (next sectiop and are found to be very small.

-energy (kcal/mol)
©
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function of temperature.

ties, which have large contributions from distant regiohs.
Apparently, the dominance of short range interactions and
correlations for energies and entropies carries over to solutes
and is an important reason for the high accuracy of simula-
tions for the calculation of solvation free energies in water.

If the liquid ODF had been approximated by the gas-
phase ODHi.e., if Eq. (22) has been adoptédthe orienta-

AGP S £ 4(9) with 5 tional entropy would be-23 e.u., twice as large as the above
approximation we use Eqe8) and (9) with g(wr) value, and the excess molar energy9 kcal/mol, almost

. . . A
from Eq.(30). The orientational entropy integrars, in the twice as large as the true value. Thus, although the liquid and

AGP approximation is shown in Fig. 4, along with that in the gas-phase ODF exhibit significant similarities, E2p) is not
gas phase. It is slightly larger in magnitude than that in thean accurate approximation

gas phase at short distandpsrhaps due to the enhancement
of tetrahedrality and significantly smaller at intermediate
distances. The “kink” in this figur¢as well as in Fig. @)] _ _ o
at 3.4 A'is an artifact of using marginals averaged over dis- ~ The change in entropy with volume is given by the ther-
crete regions of (2.8-3.4 and 3.4-5.6 A modynamic relation
The orientational entropy calculated from this approxi- (&s (aP) o a
 \dT/,, K’

mation as a function of temperature is shown in Fig. 17. The
value at 25 °C is-11.65 e.u(see Table Il}, somewhat more
negative than that obtained from the factorization. Wner‘Nherea is the thermal expansion coefficient ardhe iso-
added to the translational contributi¢n3.14 e.u), the AGP  thermal  compressibility. ~For  water at 20 °C,
value gives—14.8 e.u., which agrees well with the entropy 4=257.21x10"% K™! and x=45.2472<10°° bar® (Ref.
of TIP4P water obtained by free energy simulati¢rsl5.2  72), which gives a/x=0.0824 calimol K A%). Due to the
e.u). From the slope of the curve in Fig. 17 we obtain ayery small value of the thermal expansion coefficient of wa-
contribution of 15.7 e.u. to Cp, which, along with the trans-ter (|t actua"y becomes negative below 4)°mis ratio is
lational contribution gives Cp18.9 e.u. The Cp obtained atypically small. For example, for Cglat 20 °C,
from the energy curve is 16.3 e.{iThe value is slightly ,=1236x107% K™! (Ref. 73, k=106.8x10 ° bar ! (Ref.
different from 17.1 e.u. given above because a different set2), and a/xk=0.168 calfmol K A3), twice as large as the
of simulations was used. The difference between the twgglye for water.
values is an indication of the statistical Uncertainty in the We can use Eq(Z) for the entropy to evaluate the de-
calculation of Cp from simulatiorjs rivative in Eq.(34):

Figure 18 shows the cumulative integral of the total en- id ox
tropy (translational and orientationahs a function of the fz ‘9i 4 éi (35)
upper integration limit. About 94% of the total entropy v dv v’
comes from the first neighbor shéi=<3.4 A) and another For a rigid water molecule
4% from the second neighbor shell. The corresponding num-
bers for the energgfrom the approximate ODFare 85% and
8%. This behavior contrasts to that of the dielectric proper-

C. Orientational entropy from the adjusted gas phase
approximation

For the calculation of the orientational entropy in the

D. Effect of high pressure

Jv

3
§4= Sk In (36)
2 vqrot’
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whereq™ is the rotational partition function. Since the vol- 4.0

ume derivative of the ideal contribution is

3 k
(k In v)— =0.066 cal/mol K &, (37

the derivative of the excess entropy is 0.0164 cal/mol¥ A
The volume derivative of the two-particle term in the entropy
expression has two contributions: one from the change in
density and one from the change in the PCF with volume

9s? s 1 p [l
)
T T

where 0 40 80 120 160

|:f [g(2) In g(Z)_g(2)+ 1]dr de. 4.0

Sinces?~—15 e.u. andy~30 A3, the first term is positive
and equal to about 0.5 catfol K A%). This means that the 3.0 7
second term is large and negative, which requires that

al
—] >0. (39
dv

T
[The coefficient of this term in Eq38) is of the order 10*
e.u./A]. Consequently, correlations must increase with an
increase in volume, or decrease with an increase in density.

This appears counterintuitive, since in simple fluids com- 0.0 . . ‘ . . . ‘ ,
pression leads to sharpening of the intermolecular correla- 0 40 80 120 160
tions. The reason that this is not true for water at room tem-®) 6 (deg)

perature and 1 atm is its open tetrahedral structure. G 10 e luid at 25 °C. and— 10 000 "
Compression leads to partial destruction of this tetrahedre{:lare i ?égg ;’;t o ol ( dgtshed Im;”(  Fire Sub;t]rgl(f(g)' S;Qg:\gos’nb
order and a concomitant decrease in orientational correlay,o
tions.

This reasoning is supported by the results of the high
pressure MC simulation. These simulations were run abigh pressure. It results from “pushing” next-nearest neigh-
25 °C and 10 000 atm pressure. The molar volume decreasdrs closer to the central water molecule from “antitetrahe-

from 30.1 A at 1 atm to 23.75 Aat 10000 atm(corre-  dral” directions!*

sponding to 1.26 g/cf. If we assume that the compressibil- Figures 19 and 20 show th&eand y marginals in the first
ity does not vary much with pressure, a rough estimate of iefnd second subshelithese designations refer to the 1 atm
is RDF) together with the corresponding results at 1 atm. There
is a clear flattening of the correlation functions, especially in
1 (ﬁ_v) 1 Av 23x10°5 barl.  (40) the second subshell. This appears to be in conflict with con-
v \dP T~ (v) AP - clusions based on neutron diffraction experiments on liquid

water at high pressuf&:83The experiments were interpreted

This value is of the same order as obtained previously for thas showing an increase in correlations in both positions and
TIP4P model by analysis of density fluctuatiéh@nd is  orientations of the water molecules with pressure. This infer-
smaller by a factor of 2 than the experimental compressibilence was based on the observed increase in the amplitude of
ity of water given above. the oscillations of the calculated neutron-weighted correla-

Figure 2 shows the O—O RDF at high pressure. Comtion function in the range 3.5-5 A. The neutron-weighted
pared to the low pressure RDF, this curve has a diminishedorrelation function is a weighted combination of the three
first peak and the first minimum moved out to 4.5 from 3.4 Asite—site correlation functiorsvith the OH and HH function
at low pressure. This behavior at high pressure has beemaking the dominant contributioff®3and thus is difficult to
observed in previous simulations using the TIP4P mdd& interpret. It is possible that a decrease in the oscillations in
and other water mod€is®®as well as in x-ray diffraction some of the site—site functions may appear as an increase in
experiment$! This change in the shape of the RDF reflectsthe oscillations of the neutron-weighted function. Monte
the increased packing efficiency that liquid water achieves aCarlo simulations, which reproduce the neutron-weighted
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4.0 tional entropy decreases froi3.1 e.u. at 1 atm te-4.0 e.u.

at 10 000 atm, the orientational entropy increases fro@nl

to —7.6 e.u. The total excess two-particle entropy at high
pressure is-11.6 e.u., compared te12.2 e.u. at low pres-
sure. Thus the change in two particle entropy from 1 to
10 000 atm is estimated to be0.6 e.u. Since the change in
the ideal part of the entropy IsIn(v,/vigg990=—0.5 e.u., the
model predictsAs from 1 to 10 000 atm to be slightly posi-
tive (+0.1) instead of slightly negative. The experimental
estimate, ifa/k is assumed to be constant in this pressure
range, isAs=0.0824 (—6.35 A%=-0.52 e.u. The uncer-
tainties arising from the approximations in the theory and the
calculations and from the inherent limitations of any empiri-
cal potential for water are such that the model does not re-
produce the subtle changes in entropy with density. How-
ever, the theory clearly explains the small value of the
volume derivative of the entropy in water by the fact that
increase in density reduces orientational correlations. Below
4 °C, the thermal expansion coefficiefand therefore the
volume derivative of the entropy, see E@4)] becomes
negative, apparently because the reduction in orientational
correlations with density dominates the increase in transla-
tional correlations.

V. CONCLUDING DISCUSSION

The goal of this work was to obtain a better understand-
ing of the excess entropy of liquid water. For this purpose a

0.0 . . , . ‘ : , : correlation function expansion was used, truncated at the
0 40 80 120 160 two-particle level. The two-particle term was separated into a
(b) x (deg) translational and an orientational contribution. The transla-

tional contribution can be calculated directly from the radial
FIG. 20. g(x) in the liquid at 25 °C and®=10 000 atm(solid line com-  distribution function, which is easily obtained from simula-
pared to that aP=1 atm(dashed ling (&) First subshell(b) second sub- tions. By contrast, the orientational contribution depends on
shell. the angular distribution function which is a function of five

angles and so is very difficult to obtain from simulations. To

overcome this problem, we have introduced various approxi-
functio give site—site functions that do not reveal any mations for the angular distribution function that are based
enhancement of orientational correlations. In fact, the firseither on the low density limit, modified by liquid state mar-
OH peak, reflecting hydrogen bonding, slightly decreaseginal distribution functions obtained from simulations, or on
and the HH function flattens out with increasing denéfty®  a factorization of the angular distribution function in terms of
For a more direct comparison it is important to obtain thethese lower dimensionality marginal distribution functions.
separate OO, OH, and HH correlation functions from neutrorThe translational and orientational contributions calculated
diffraction experiments, which is possible with isotopic in this way are compared with experimental values. The
substitutiorf* Although site—site functions are very informa- comparison indicates that the excess entropy and heat capac-
tive, they are still not straightforward to interpret becauseity of water are dominated by the two-particle term; the sum
they depend on both translational and orientational correlasef the higher order terms makes a relatively small contribu-
tions. The most unambiguous measure of orientational cortion (of the order of 3% to 20%, depending on the approxi-
relations is obtained from angular distributions functions,mation used for the ODFFurther, it is shown that the two-
such as those calculated here, which, unfortunately, canngiarticle contribution to the excess entropy of TIP4P water
be obtained experimentally. It should be noted that the deeonsists of a translational contribution 6f3.14 e.u. and an
crease of orientational correlations with increased density aprientational contribution of between9.1 and—11.65 e.u.
plies to TIP4P water at room temperature and ambient prest 25 °C and 1 atm. This gives12.24 to—14.8 e.u. for the
sure. It is possible that for other conditions an increase irotal excess entropy. When the ideal contribution of 30.8 e.u.
density enhances orientational correlations. This seems to be added, the absolute entropy of water is calculated to be 16
the case in water above its boiling poffit. to 18.56 e.u. These values are to be compared with the ex-

Calculation of the entropy with thE7 factorization re- perimental values of-14.1 e.u. for the excess entropy and

flects this reduction in the correlations. Whereas the translat6.7 e.u. for the absolute entropy. The translational contribu-

n74,78
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tion is smaller than that in simple liquids at similar density. tains contributions from nontetrahedrally coordinated water
Thus the large magnitude of the excess entropy in water ighe “interstitial” water described by Svishchev and
mostly due to orientational correlations. Kusalik** and discussed by Stanley and co-work®rdn this

The present approach complements other treatments oégion packing effects are likely to be most important and
the entropy of water. The most common method for obtainthe present approximate ODFs are not refined enough to in-
ing the entropy has been to calculate the total free energy bglude the small interstitial maximum observed by these au-
simulations and subtract the internal energy, also calculatethors; one would need distribution functions at a finer dis-
by simulation (for example, Refs. 68, 85—87The results tance grid. However, these structural features are expected to
obtained this way for TIP4P and other effective pair poten-have only a small effect on the thermodynamic functions
tials are in relatively good agreement with experiment. Cal-because they are quite weak compared to the major structural
culated values at 25 °C and 1 atm are betwed2 and—16  features(tetrahedral hydrogen bonding, see Fig. 3 of Ref.
e.u. The entropy of water has also been calculated by tha4). They are likely to have a more important effect on dy-
adiabatic switching method using computer simulatf$hs. namic properties of water, such as the viscosity and the dif-
The value obtained for the excess entropy at 303 K wasusion coefficient.
about—13.5 e.u. The fact that two-particle correlations appear to make

Calculation of the thermodynamics of liquid water havethe dominant contribution to the excess entropy of water
also been performed based on integral equatiodoes not mean that triplet correlations are not important in
theories'®®%%Here, too, the approach has been to calculatéhe structure of the liquid. For example, Hummer and
first the free energy and subsequently the entropy either bgoumpasi® found that the water hydrogen and oxygen den-
subtraction of the internal enery*® or by a temperature sity distribution on the liquid side of an ice—water interface
derivative of the free enerdy. The values obtained for the cannot be reproduced unless triplet correlations are included.
entropy depend on the closure and the details of the calculalthough the conditionsg®=1 is sufficient for the two-
tion. Yu et al® using the HNC-RISM equation and a model particle term to be dominant, it is not necessary. This func-
similar to TIP3P obtained the value24.5 e.u. for the excess tion can deviate substantially from unity at all points and still
entropy, significantly more negative than both the experithe integral over it may be small. Another possibility is that
mental value and the theoretical values obtained by free erkigher order terms, such as three-particle and four-particle
ergy simulations. With the same theory but a modified poterms, approximately cancel. In any case, higher order terms
tential Lue and Blankschtelfobtained a valu¢—15.6 e.u) seem to make relatively small contributiofaf the order of
much closer to experiment, perhaps because the OH repul0%) to the thermodynamic properties of all liquids studied
sion parameter was adjusted to reproduce the experimentsd far, including water. If this is universal, the second-order
internal energy of water. More recently, the diagramaticallyentropy affords a practical route for obtaining the chemical
proper integral equation of Chandler—Silbey—Ladanyi wagotential of dense fluids, since the energy is straightforward
applied to liquid water and gave values of the order-df9  to calculate by simulation.
to —20 e.u. for common water modéflt should be men- The temperature dependence of the two-particle entropy
tioned for completeness that there have been numerous cand of the energy calculated by the present approximations
culations of the entropy with simplified statistical mechanicalgive reasonable values for the heat capacity that agree within
models for water, such as the mixture modethe cell their statistical uncertainty. This indicates that the truncated
model?? the random network modéf, and various lattice entropy expansion, EqR), is equally good over the tempera-
models?*% These models involve assumptions or simplifi- ture range studied here so that the theory is thermodynami-
cations that limit their reliability. cally consistent. The actual value of the calculated heat ca-

Although the free energy simulation methods provide, inpacity (23 to 25 e.u, when the kinetic contribution of B
principle, more accurate results than the approach describétbr rigid watep has been added, is somewhat larger than the
here, the present treatment has made it possible to obtagxperimental heat capacity of waier18 e.u). For a precise
more insights into the origins of the excess entropy of watercomparison with experimental thermodynamic properties,
The significance of the interpretation depends on the accwne would have to consider intramolecular contributions and
racy of the approximations used for the ODF. These approxiguantum corrections. These have been estimated to be of the
mations have been shown to be consistent with the site-siterder of —2 e.u’%%’
distribution functions and with the one and two dimensional  The flattening of the two-particle correlation function
marginal distributions obtained from the simulation. The(hydrogen-bond “bending)’ found in the present calcula-
various factorizations that reproduce the gas-phase entropions is sufficient to produce changes in entropy as a function
give similar values for the orientational entropy in the liquid. of temperature consistent with the large heat capacity of wa-
Further, the very different AGP approximation also givester, obviating the need to adopt more complex “mixture”
similar results. However, more work is needed to better chartype concept$® The dominance of the two-particle term in
acterize the ODF. One approach is to calculate three-variablihe entropy suggests that complex collective phenomena in-
angular marginal distributions. Special care is needed for theolving large numbers of water moleculéie “flickering
region around the first minimum of the RDF, where the larg-clusters’®®), which imply significant many-body correla-
est differences in the orientationally averaged energy exidions, are not required to interpret the properties of water, at
between the gas and the liquid. This is the region that conleast so far as the entropy is concerned.
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